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Quantum chemistry: Part 1

Classical mechanics best describe the behavior of macroscopic particles in terms of Newton’s law of
motions, but Newton’s law is insufficient in itself to describe the behavior of microscopic particles. As
a chemist, we are interested in chemical processes and vital information regarding the same can be
extracted via studying thermodynamics which is based on classical mechanics, unfortunately we are
still unaware of what taking place at the molecular/subatomic level. So there was a need for a general
theory for submicroscopic systems-one comparable to Newton’s equation for macroscopic bodies and
this theory turns out to be the quantum theory.

Quantum mechanics can be formulated in terms of six postulates: The postulates of quantum mechanics
are:

(1) The state of a system in quantum mechanics is described by a wave function ¥ (x, y, z, t) which
contains all the dynamic information about the system.

(2) Every physical observable or property of a system can be represented by a corresponding linear
guantum mechanical operator.

(3) The only possible values which a measurement of the property “A” can yield with arbitrary
precession are the eigenvalues “ai”” of the corresponding eigen value equation A¥ = a;¥.

(T3S 1]

(4) For a state described by the wave function y, the average, or expectation value of a property “a” for
a series of measurements corresponding to the operator A is given by:

[ Awdr

W =T

Where ¥” is the complex conjugate of .

(5) The wave function of a system varies in time according to the time-dependent Schrédinger equation
or the evolution in time of a quantum mechanical system is governed by the time dependent Schrédinger
equation which is expressed as:

ih d¥(x,y,z,t) _d¥Y(x,y,z,t)

P or ih

21 dt dt

(6) The wave function of a system of electrons must be antisymmetric with respect to the interchange
of any two electrons, this postulate is the so called Pauli’s exclusion principle.

A¥(x,y,zt) =

Postulates 1: The state of a system is completely described by a wave function (¥)
Wave function:

Mathematical representation of the wave that in quantum mechanics replaces the classical concept of
trajectory is called wave function, a function that contain all the dynamic information such as position,
momentum etc. about a system.

Subatomic particles like electrons possess wave like properties and hence they can be described by a
wave equation or more specifically by a mathematical function called the wave function. This wave
function is a function of the coordinates of the parts of the system and time that completely describes
the system i.e. a wave function depends both on spatial co-ordinates and as well as on time.

For a single particle residing in 3D space, we can write the wave function as:
Y=Y (xy,zt)
Similarly, for two particles system, the expression for wave function in 3D space is:
Y =Y (X1,Y1,21,X2, Y2, Z3, t)

For a general system, we can use generalized the expression for wave function as: ¥ = W(q;, t)
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With certain assumptions, time can be separated from the wave function, and what remains is a time-
independent state also known as the stationary state. A time-independent wave function is represented
only with spatial co-ordinates as: ¥ = ¥(q;). Until mentioned, a wave function generally represents a
time independent state.

Q. Write the expression for wave function for a particle in 1 dimension. [Ans:¥ = ¥ (x)]

: Review of mathematical information:

: Complex or imaginary number:

Complex number involves the imaginary unit “i”, which is defined to be the square root of -1.
i.e.

: i=v-1

Or

: i?=-1

In general, a complex number is written as:

: z=a+ib

Where “a” is the real part and “b” is the imaginary part of the complex number “z”.
: Complex conjugate:

For a complex number z, its complex conjugate (z*) is obtained simply by replacing “i" with “-i". For§
example, if z = a + ib, then its complex conjugate will be z* = a- ib. :

Importance of complex conjugate:

Complex number multiplied by its complex conjugate will always yield a real number. For example, ifE
iz=a+ib,thenz*=a-ib :

EThen,
: zz" = (a + ib)(a — ib)

= a? — (ib)?

= a® + b?(real number)
Q. py = %%, then what will be the value of py

EAns: Complex conjugate is obtained by simply replacing “i" with “-i". So py = — Zlm,% .

:* There is no sense for taking complex conjugate of real number as it does not contain any imaginaryé

Physical sifnificance of wave function: Born interpretation or statistical interpretation

The wave function (¥) itself has no physical significance, however, squared magnitude of vy i.e. [y [?
can be interpreted as a probability distribution or probability density for the system.

According to Heisenberg uncertainty principle, we cannot precisely measure various combinations of
observables, like position and momentum. Keeping in mind the uncertainty principle, Max Born
suggested that we not think of y as indicating a specific position of a particle, rather it indicates the
probability of finding the particle over a certain region of space at any moment. Moreover, with analogy
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to the wave theory of radiation, in which the square of the amplitude of an electromagnetic wave in a
region is interpreted as its intensity and therefore in quantum mechanics |y | is interpreted as a measure
of the probability of finding a particle present in a specified region.

If the wave function of a particle has the value y at x, then the probability of finding the particle between
x and x + dx is proportional to |y|? dx. Since |y|?> has to be real and positive, so it can be presented by
Py where ¥* is the complex conjugate of ¥. i.e. for a particle moving in 1 D, $¥"dx or |y|* dx
represent the probability of finding the particle and ¥¥" or y|? represents the corresponding probability
density. Similarly, for a particle in 3D space, |y|?> dxdydz or |y|?dt represent the probability of finding
the particle in a small volume element dt = dxdydz.
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Fig: The sign of a wave function y has no direct physical significance, it can be positive, negative and
even imaginary. But the square modulus of y i.e. [y|? or ¥¥" has physical significance as it represents
probability distribution which is a positive and real number.

The probability can be determined from the probability density i.e. from y|2. The probability P of a
particle being in a certain region between points “a” and “b” in space is given by:

b
P =f Yyt
a

i.e. the Born interpretation requires that a probability be evaluated over a definite region, not at a specific
point in space. Thus, we should not think of y as giving the exact location of a particle, instead as an
indicator of the probability that the particle will be in a certain region of space.

Q. What according to Born the physical significance of |y|2.
Q. State Born’s interpretation of a wave function.
Dimensions of wave function:
For 1 D:
We know for 1 D
P x¥?dx
Since probability (P) is dimensionless and dx has the dimension of length (m). So to make ‘“P”

dimensionless, ¥2 has to be the dimension of ler:gth (m™). So the dimension of wave function v has

1

1 1
to be length 2 or m zi.e. for 1 D y(x) has the unit of m 2.
For 2 D:
We know for 2 D
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P o W2 dxdy

Since probability (P) is dimensionless and dxdy has the dimension of length? (m?). So to make “P”

dimensionless, ¥?2 has to be the dimension of len;thz (m2). So the dimension of wave function  has

to be length™* or m~ti.e. for 2D v (x, y) has the unit of m~1.

For 3 D:
We know for 3 D
P o W2 dxdydy
Since probability (P) is dimensionless and dxdydz has the dimension of length® (m®). So to make “P”

dimensionless, ¥?2 has to be the dimension of len;th3 (m®). So the dimension of wave function  has

to be length_g or m_% i.e.for 3D v (X, y, z) has the unit of m_g.
Q. The one particle wave function y (X, v, z, t) has the dimensions of what?
Review of mathematical information:
Even function:
A function is said to be of even parity or symmetric if:
f(=x) = f(x)
For example, let a function
fe)=e™
Now
flx) = e =7 = £(0)
i.e. e=* is an even function
Similarly, Sin x is an even function because:
Sin (—x) = sinx
Odd function:
A function is said to be of odd parity or antisymmetric if:
: f(=0) = ~f (@)
For example, let a function
g(x) =x°
Now
g(=x) = (-x)% = —x* = —g(x)
i.e. x3is an odd function
Similarly, Cos x is an even function because:

Cos (—x) = —Cos x
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: Properties of even and odd functions:

Even function 0dd function
f(x
) N
+ + +
Y X
X 0 X 0

: (a) Integral over a symmetric interval such as (—a, a) for an even function is:

faf(x)dxz ff(x)dx+ff(x)dx
=ff(—x)dx+ff(x)dx
=ff(x)dx+ff(x)dx

= fo(x)dx

| e. for an even function integral over a symmetric interval (—a, a) is twice the integral over the posmve
mterval (0,a) :

; (b) Integral over a symmetric interval such as (—a, a) for an odd function is:

ff(x)dx= ff(x)dx+ff(x)dx
=ff(—x)dx+faf(x)dx

—faf(x)dx+ff(x)dx

=0

i.e. integral over a symmetric interval for an odd function just vanishes, where the positive contrlbutlon
:inone end is cancelled by the negative contribution over the other hand. :

(c) Product of any two odd or two even function is an even function while product of any odd- even
combination will yield an odd function. i.e. :

even X even = odd X odd = even

odd X even = even X odd = odd

5
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Normalization condition and normalized wave function:

Since the particle must be somewhere in space, so the total probability of finding the particle in all
region of space must be 1 or 100 %. i.e.

+00
f Y*ydr =1

Where the limits —oo™ and 400 are conventionally used to represent “all space”.

The above equation is known as normalization equation or normalization condition and when the wave
function v satisfies this condition then they are said to be normalized.

In general, if ¥i and ¥j are two acceptable wave functions of a system, then they are said to be
normalized if:

+o00

f Yi¥;dt =1,wheni=j
Orthogonal wave functions:
Two wave functions ¥i and ¥j are said to be orthogonal if:

+00

j ¥Y;¥;dt = 0,wheni +# j

Orthonormal wave functions or orthonormal set:

When the conditions of both normality and orthogonality is satisfied by a set of wave functions then
they are said to be an orthonormal set. Mathematically ortho-normality can be expressed as:

+00

f l}lll{lj dt = 511

Where §;; is called Kronecker delta, which is defined as

=1,ifi=]j
Physical sifnificance of normalization and orthogonality condition:

Normalization condition implies that the particle is likely to be found in every region of space whatever
may be the location of the region in space. Also sum of probabilities of the particle in all the regions in
space must be equal to unity. i.e. the normalization condition guarantees that the probability of a particle
existing in all space is 100%.

The orthogonality condition in terms of vector algebra means that the scalar product of the vectors
¥; and ¥; vanishes. It is possible only when the vectors do not overlap to each other i.e. they are

completely independent of one another. Likewise, in quantum mechanics, orthogonal functions are
independent functions and one cannot be expressed in terms of others.

Normalization constant:

In quantum mechanics normalization condition must be fulfilled by every function. In cases where the
wave function is not normalized i.e. if f:';o Y*wdt + 1, then the wave function must be multiplied by
some constant “N” called the normalization constant such that N¥ become normalized. i.e.
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+o00

f (N®)*(NY) dt = 1

+0oo

=> N? f Y2dr =1[if ¥ isreal then¥ = ¥*]

1
1

(17w ar)?

Q. What do you mean by normalized, orthogonal and orthonormal functions? Give their physical
significance. What is normalization constant?

Q. What does normalization condition means?
Q. Find the normalization constant and hence normalize the following wave functions:
MY =x%0<x<k Q¥ =Sinx, 0<x<m B)¥Y=a?-x%-a<x<a

(4)W=Cos(%),—a£xsa(5)ll’=a(a—x),OSxSa(B)‘zU=e‘“|"|,a>0 —0<x< oo

Ans:

Q¥ =x?

Let the normalization constant = N

So the normalized wave function is ¥ = Nx?

Now

K
f(Nxz)z dx =1
0

x51"
_>N2 ?] =1
0
kS
—>N2<?—0>=1
5

. . . . 5 . - . 5
i.e. the normalization constant is /F and the normalized wave function will be ¥ = /F x2

Q¥ =Sinx,0<x<m
Let the normalization constant = N

So the normalized wave function is ¥ = N Sinx
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Now

Vs
f(NSinx)z dx =1
0

T
=> szSinzx dx =1
0

T
2

=> 7[ 2Sinxdx =1
0

N2 [
=> 7—[(1—C05 2x)dx =1
0

:>N72 (n_SinZn)_(O_O)]:

=>N2=E
T

i.e. the normalization constant is \/% and the normalized wave function will be ¥ = \E Sinx

BW¥=a?>-x?-a<x<a
Let the normalization constant = N
So the normalized wave function is ¥ = N(a? — x?)

Now

a
f(N(az — xz))2 dx =1
-a
a
=> N? f(az —x%)2%dx =1
-a

a
=> N? J(a‘* +x*—2a%x%)dx =1
—-a

4
+ ——
a'x 5 3

5_I_a5 2a° . a5+2a5 4
TS T3 TS TR

x5 2a%x31"
=> NZ =1

=> N?
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o N2 5+a5 2a5 5_l_a5 2a°]
I - TS
=>N?|2 5+2a5 4 =1
> N2 5[30+6—20] 1
= a” | ——— =
15
o N2 16a® .
= ==
N o 15
T [16a®
i.e. the normalization constant is 1225 and the normalized wave function will be ¥ = 1235 (a® — x?)

nmx
@Y= COS(T),—an <a
Let the normalization constant = N

So the normalized wave function is ¥ = N Cos (%)

Now

nmx
=> N? fCOSZT dx =1
—-a

a
2

nmx
=>— fZCosz— dx =1
2 a
—-a

a

N? 2nmXx

=>—f<1+Cos 7 )dx=1
—-a

2

NZ
=> —
2

. 2nmx @
stnT
X+ —zmm
—-a

a

NZ%y a Zmrx]a
—-a

[ a . 2nma a . 2nm(—a)
=>— (a+—SLn )—(—a+ Sin )]=1
| 2nm a 2nm a

=> N72 :(a + %Sin 2nn) — (—a - %Sin 2n7r)]

=>

[(@+0)—(-a-0)]

NI
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N2
=>7><2a=1

=>NZ=21
a

a

i.e. the normalization constant is \/g and the normalized wave function will be ¥ = \/g Cos (?)

B)Y¥Y =a(a—x),0<x<a
Let the normalization constant = N
So the normalized wave functionis ¥ = N a(a — x)

Now
a
f [Na(a—x))?dx=1
0
a
=> Nzazf (a—x)%dx=1
0

a
=> Nzazf [a? — 2ax + x?]dx = 1
0

o s 2a3x2  a%x3]"
=> N*|a*x — > + 3 =1
0
as
=>NZQﬁ—aVk?>—m)=1
5
a
=>N?—=1
3
3

i.e. the normalization constant is\/ai: and the normalized wave function will be ¥ = \/ai: a(a —x)

6)¥ =e%lag>0,-0<x <00
Ans:
Let the normalization constant = N

So the normalized wave function is ¥ = Ne 4l

Now

f(Ne“""')2 dx =1

10
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=> N? f e~2exl gy =1 - —(1)

Since e~22l*l js an even function, so we can write

oo (00)

f e~2alxl gy = 2[ e 24Xl gy — —(1)

—o0 0

From equation (1) and (2), we have

2N2f e 2a*ldx =1
0

=> 2N? e ) =1
= =ry i

NZ
=>_-—(0-1)=1
—(©0-1

=>N=+/a
i.e. the normalization constant is va and the normalized wave function will be ¥ = v/a e~@l*l
[Self-test] Normalize the function over the given interval: ¥ = sin (%) ,0<x<a
Q. Show that the following sets of functions are orthogonal to each other over the given intervals:
(1) Sin% and Cos% ,over the interval 0 < x < a

(2) ¥, = x and ¥, = x?2, over the interval —k < x < k

1 1 1
R v, = (iy VW, = (%)2 Cos nx and V5 = (%)2 Sin nx, over the interval o to 2n
@)V, =a?+x?and ¥, = x(a? — x?), over the interval —a < x < a
Ans:

(1) Sin% and Cos% over the interval 0 < x < a

a 0

11
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1 2nmx1®
el

1

= 3 a0 ]
1 a

__E Z—[COSZTUT Cos 0]
1 a
=%

=0
So the given functions are orthogonal to each other.

(2) ¥, = x and ¥, = x?, over the interval —k < x < k
k

f Y, ¥, dx
—k
k

= fxx2 dx

-k
k

= fx3dx

-k
[
4 -k

1
S {GEICOD
=0

So the given functions are orthogonal to each other.

1

@R ¥; = (i)i VW, = (%)% Cos nx and W5 = G)% Sin nx, over the interval 0 to 2n

21
f W, W, Wadx
0

0

12
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2T

3
2

f Sin 2nx dx
0

~(z0)

B ( 1 ) [Cos an]Z”
-2 2n |,

1
=2n X (—) [Cos 4nm — Cos 0]
21

=0
So the given functions are orthogonal to each other.

(4) ¥, = a? + x? and ¥, = x(a® — x?), over the interval —a < x < a

a

f lllll lluz dx

—-a

= [l +aata - )] e

= f[(az + x2)(xa? — x3)] dx

a

= f(a‘*x —a’x® + a?x® —x%) dx
—-a

a

= f(a‘*x —x°) dx

a
[a‘*x2 xﬁ]

2 6
3 a4-a2 a6 a4 (_a)z (_a)é
[\ 2 6 2 6
a® a® a® af
"2 %6 278
=0
1 1

[Self-test]. Q. The wave functions y; = (%)E cosx and i, = (%)E sinx are defined in the interval 0 <
x < 2m. Examine if the functions are orthogonal to each other.

[Self-test]. Q. Show that the two wave functions Sin’% and Cos’% are orthogonal over the interval
0<x<a

13
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Constraints on the wave function: Concept of acceptable or well behaved wave functions

The Born interpretation puts severe restrictions on the acceptability of wave functions i.e. we can reach
some general conclusions about what sort of mathematical properties y can or cannot have. These can
be summarized as given below:

(1) ¥ must be single valued i.e. it must have only one value at each point of space.

Reasoning: In a given region of space, there is only one probability of finding a particle, it would be
absurd to have two or more value of probability of finding the same particle at a specific point.

(2) The wave function must be square-integrable, in other words ¥ must be finite of the spatial
coordinate

Reasoning: The wave function must be finite over any finite region, if it is infinite, then the Born integral
would become equal to infinity instead of unity. i.e. if the wave function is infinite, then the Born
interpretation will be useless to use as a measure of comparative probabilities, in other words the wave
function could not be normalized if it is infinite.

s i . 0w 0w aw .
(3) ¥ and its 1% derivatives (slope) i.e. %3y or must be continuous. It means that there can be no
kinks in the function and no sharp steps are permitted.

Reasoning: The wave function must be continuous everywhere. That is, there are no sudden jumps in
the probability density when moving through space. For example, there is a certain probability of
finding an electron at a given distance from the nucleus, there will be a slightly different probability if
the distance is changed slightly. The probability does not change drastically if the distance is changed
slightly. i.e. the probability function does not have discontinuities and hence the wave function must be
continuous. If the wave function has a discontinuity such as a sharp step upwards or downwards, this
can be seen as a limiting case of a very rapid change in the function. Such a rapid change would mean
that the derivative of the function was very large (either a very large positive or negative number). In
the limit of a step function, this would imply an infinite derivative.

Graphical representation of some of the unacceptable wave function:

Unacceptableasitis Unacceptable as itis Unacceptable as itis
infinite over a finite region multiple valued discontinuous
L4 j k b4 U4 \
distance — distance — distance —

Unacceptable as its
Unacceptable as itis

Unacceptable as it is 1% derivative (slope) is dratically o
discontinuous (steps present) discontinuous not quadratically integrable
v y p
distance > distance —— distance ——

14
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Graphical representation of some acceptable wave functions:

Acceptable Acceptable

distance > distance —

Q. Discuss the characteristics of acceptable wave function clearly explaining the conditions of
acceptance.

Q. One of the condition for a well behaved function is that the function must be single valued. State
why it is so.

Q. Indicate which of the following wave functions are acceptable and which are not within the interval
[—oo, oo]. State why they are accepted and why they are not.

DY =xQ¥=x>Q@¥=Sinx(@¥=e* BO)¥=e*OB)¥= e*’ (7)¥ =tanx
(8) W = Cosecx (9) ¥ = Sinx + Cos x

Ans:

(1) ¥ = x is not acceptable because as x — oo, ¥ — oo i.e. it is not bounded (diverged).

(2) ¥ = x? is not acceptable because as x — o, ¥ — o i.e. it is not bounded

(3) ¥ = Sin x is acceptable as values of Sin x line between -1 to +1. i.e. it is bounded.

(4) ¥ = e* is not acceptable because as x — oo, ¥ — oo i.e. it is not bounded.

(5) ¥ = e~ is not acceptable because as x - —oo, ¥ — oo i.e. it is not bounded.

6)¥Y = e~ is acceptable because as x —» + oo, ¥ — 0 i.e. it is bounded

(7) ¥ = tan x is not acceptable because as x — % ¥ — oo i.e. it is not bounded.

(8) ¥ = Cosec x is not acceptable because as x —» 0,¥ — oo i.e. it is not bounded

(9) ¥ = Sinx + Cos x is acceptable as values of Sin x and Cos x always lies between -1 to +1. i.e. it
is bounded.

Q. Indicate which of the following wave functions are acceptable and which are not. For those that are
not, state why.

1 . 1
@) f(x) = +Vx,x =0 (b)'{’=55m§,—§SxS§ ©¥=.=,0<x<10

Si

@¥-r0srs3 @¥-etosxse  (W-SE0srse)
@y=Sintx,-1<x<1 (h¥=e P -—0<x<oo

Ans:

(a) Not acceptable, because the function is multi valued.

15
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(b) Acceptable, because it meets all criteria for acceptable wave functions

(c) Not acceptable, because the function approaches infinity for x = 4, which is a part of the given
interval range.

(d) Acceptable, because the function meets all criteria for acceptable wave functions within the stated
range of the variable x.

(e) Acceptable, as it is single valued, finite continuous and quadratically integrable over the interval
0<x < oo,

Sinx

(f) Acceptable because as x — 0, -1

(g) Not acceptable as Sin' x is a multi-valued function ( for example Sin 1 = %g + Zn,g +4m..)

(N Atx = —oo, ¥ =e Ml =e ® =0andatx = oo, ¥ =e ¥l == =

So the function is bound and it seems like acceptable, but 1 derivative of e~ *l'is not continuous at x
=0, so it is an unacceptable wave function.

Postulates 2: For every dynamical variable (classical observable) there is a corresponding linear
guantum mechanical operator

Dynamic variable or observable: A measurable property of a system such as position, momentum,
energy etc. are called dynamic variable or observable.

Operator: An operator is a rule for transforming a given function into another function. A caret over
the mathematical symbol is used to designate an operator. For example if an operator A operate on a
function say f(x), then it will convert it into a new function g(x). Mathematically, we can say that:

Af(x) = g(x)

Algebra of Operators:
Addition:

(A + B)f(x) = Af(x) + Bfx)
Subtraction:

(Ad-B)f(x) = Af (x) — Bfx)
Product:
The product of two operators is defined as:

ABf(x) = A[Bf (x)]

Operator B first act on the function £ (x) and in next the operator A act on resulting function. In general,
the order of application of operators is always from right to left. For example if two operator say

% and x operate on a function f(x), then we have

d d
—xlf )] = [ ()]

d
= %= () + f()

* If the same operator is applied in succession then it is written as power, for example
AAAf(x) = A3f (x)

16
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Associative law: Associative law holds good for operators, i.e.
A(BC) = (4B)¢
Commutative law: The commutative law does not generally hold for operators. i.e.
AB # BA
Commutator: Using any two operator say A and B, it is possible to construct a new operator (AB —
BA), called the commutator of the two operator 4 and B which is usually written as [4, B], i.e.
Commutator [A, B’] = (AB — BA)

If the result of two operations is the same irrespective of the sequence in which the operations are
performed, then the two operators are said to be commute with each other i.e. if two operates commute
then AB = BA and hence we can write:

[A,B] =AB—-BA=0

If two operators do not commute then AB # BA, and hence [4, B] # 0

* Any operator commute with itself or any power of iti.e. [4,A] = 0and [4,A"] =0,n=1,23 ...
Q. Prove that: [4, B] = —[B, 4]

Ans:

= —BA+ 4B
— —[BA - 4B]
= —[B,4]

Q. Find whether the following operators commute with each other or not? In cases where they do not
commute evaluate the commutator.

@kl Pl ol ozl el ool
Ans:

@

Let ¥ be the operand function ;

Now

[d] (E_:_x)w

dvy d
=xa—a(x’1’)
dv dv
—xa—xa—w
d d
= (v 1)
=-Y

17



Prepared by Dr. Tukhar Jyoti Konch

Now removing the operand function ¥ from both sides we have
] = 1 oo
x,—| = —1 (not zero
I (not zero)
So the two operator x and % do not commute with each other and their commutator is -1.

() [,
Let ¥ be the operand function
Now
d d d
bl =g a)”

_av d v
=Y x dx(y)

_ ay ay lpdy
_ydx ydx dx

dy dy
=}’E—}’E—
d d
= rm)?
=0
d
i.e.[y,a]zo

So the two operators y and ;—x commute with each other’s

© [z

Let ¥ be the operand function

d d?), _(dd _dd),
dx’dx?|" ~ \dxdx? dx?2dx
_ddw d?ay
T dx dx?  dx?dx
By By
dx3 dx3
=0
A
A Pl

2
So the operators % and % with each other, in other words we can say that the 1%t and 2™ derivative
commute with each other.

(d) [d—2 x 2]

dx2’" dx

18
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Let ¥ be the operand function

a2 d], (& d_ d
dxz'xdx N dxzxdx xdxdxz
d*> ay d d*y
dxzxdx xdxdxz

d d( dlI/> d3y

Tdrdx\dx) Vs

_d[ v av] &

T dx x dx?  dx x dx3
_d( ¥\ da¥  &v
T dx 7 dx? dx dx x dx3
3 d3‘1’+d2‘1’+d2‘1’ a3y
=X dx3  dx?  dx? x dx3

d3 d? d3
= 2 — U4
<x dx3 + dx? xdx3)

d2
(2
Now removing the operand function ¥ from both sides we have
d? d d?
[m xa] T

2 2
So the two operator % and x % do not commute with each other and their commutator is 2 %.

(€) [ﬁ,%

Let ¥ be the operand function

Now
[y = ()
= x3i—lil—di(x3'1’)
=x3i—li,— x3cji—li’+3x2’1’]
= <x3:—x—x3j—x—3x2)‘lf
= —3x2y
ie. [x?%] = —3x2

19
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So the two operators x3 and ;—x do not commute with each other and their commutator is —3x2.

a
@[]
Ans:
Let ¥ be the operand function

Now

[ = (G )
dx'x N dxx x dx

“ax ¥

= x"— 4+ Pnxn1 x"d—lp
d dx

— nxn—llp

d
i.e. [—,x”] =nx"1 %0
dx

So the two operators ;—x andx™ do not commute with each other and their commutator is nx™1.

Q. Find the expressions for the following operators
d 2
(@) (= +x)
d 2
®) (x3)
d 2
© ()
Ans:
d 2
(@) (= +x)
Let the operand function is ¥

Now

(o) G+ )
d d¥y
= (%) (G + )
2 d ,
—W+a(xlp)+xd—+x b4
d*yv  ad¥ "
axZ +xa+‘}’+xd—+x b

20
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= d2+2 d+2+1tp
~ \dx? xdx x

Removing the operand function from both sides we have:

(d+ )2—d2+2 d+ Z+1
dx ) Ta T T

d 2
®) (x3;)
Let the operand function is ¥

Now

() ¥ = () ()

() ()

d / dy¥
=[5 (%)
d*Y  d¥dx
= X[XW-FEE]
= xzdz—lp+xd—w
dx? dx
= <x2d—2+ xi)‘l’
dx? dx

Removing the operand function from both sides we have:
( d )2 _e 4, d
Yax) T @ T  ax
d 2
© (%)
Let the operand function is ¥

Now

(59 ¥ = () ()

d \rd

= (g% [

d [ a¥
—axxa+’l’

dp ,d¥
= l* d—+le

d( ,d¥\ d
= &) e

21
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2d211’+d11’2 L
dx?  dx X T dx

= 2d2w+3 dl'u+11/
=X dx? xdx

= 2d2+3 d+1qf
_xdxz xdx

Removing the operand function from both sides we have:

=X

(L) = pmed iy
dx”) T a2 ax
Del or vector operator (V):

It is a vector operator whose Cartesian co-ordinate representation is:

V—'a+'a+k5
~ox ]ay 6z

Where i, j, k are unit vectors.
Laplacian operator (V?):

The scalar product of del operator (V) is called the Laplacian operator

i.e.
V2=V.V
0
= i&”@”a_)'(ia_“a_”&)
92 02 0%
dx2 ' 9y? ' 0z?

Linear operator:
Rule of thumb: Operators encountered in quantum mechanics are all linear.

If in operating on the sum of two functions, an operator gives the same result as the sum of the operations
on the two functions separately, then the operator is said to be linear.

Thus an operator say A is said to be linear if it satisfies the following two properties:
(D Alf () + g(0)] = Af (x) + Ag(x)
A[f,(0)] = c Afi(x)

Where f(x), g(x) and f; (x) are functions and “c” is a constant.

d ;. . . . e .
For example, = (dif ferentation), [ dx (intregation), multiplication etc. are linear operators

because:

d d d d d
Differentation:a [f(x)+gx)] = af(x) + ag(x) and Tx [cf ()] = ca [f(x)]

Integration:j[f(x) +g(x)]dx = jf(x)dx+jg(x)dx andjcf(x)dx = ch(x)dx

22
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But square root , taking square, exponential, logarithim etc. are non-linear operator because:

Square root:\/f(x) +gx) # \/f(x) + \/g(x) and \/cf(x) * c\/f(x)

Exponential: ef)*9() # of () 4 09X gnd ef () £ cef )

Note: The linear character of the operator is related to the superposition of states and waves reinforcing
each other in the process.

Q. State true of false with reason: O[f (x) + g(x)] is always equal to Of (x) + 0g(x).
Ans: False, it is true only when the given operator O is linear in nature.

Q. Determine whether the following operators are linear and which are nonlinear:
(@) AW = AW, where 1 is a constat (b)) B¥ =¥* (c) 0¥ =¥? (d)D¥ = Z—Z (e) 0¥ = $
HO¥=x2¥ (g)0=—int
dx
Ans:
(@) AY = A¥,where A is a constat
In this case the operator A = A
Now A = A will be linear if

Alf () +g(0)] = Af () + Ag(x) and Alcf, ()] = ¢ Af; (%)

Now
L.H.S = A[f(x) + g(x)]
= Af () + g(x)]
= Af (x) + Ag(x)
R.H.S.= Af(x) + Ag(x)
=Af(x) + Ag(x)
i.e.L.H.S=R.H.S.
Again

Alef1(0)] = eAlf1(x)]
i.e. A = A isa linear operator
(b) BY = ¥~
In this case the operator B is simply taking the complex conjugate
Now B will be linear if

BIf(x) + ()] = Bf (x) + Bg(x) and Blcf,(x)] = c Bf;(x)

Now

L.H.S = B[f(x) + g(x)]

=[f) + g
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R.H.S.= Bf(x) + Bg(x)
=[fI" + [g)I
Since
[FC) +g@]" # [ + [g)]”
i.e. LLH.S.# R.H.S.
So the operator B which stands for taking complex conjugate of the function is a non-linear operator.
(c) 0¥ = p?
In this case the operator O is simply taking square
Now O will be linear if
Olf () + g(x)] = 0f (x) + 0g(x) and Olcf,(x)] = c Of;(x)
Now
L.H.S = 0[f(x) + g(x)]
=[f(x) +g@)]*
=f2(0) + g% (x) + 2f () g (x)
R.H.S=0f(x)+0g(x)
=f2(0) + g*(x)
i.e. LH.S #R.H.S.

So the operator O which stands for taking square of the function is a non-linear operator.

= dy
(d) DY ===

In this case the operator D = :—x

_~ d . . .
Now D = EWI” be linear if

DIf(x) + g(x)] = Df(x) + Dg(x) and Dlcf,(x)] = c Df1(x)

Now
L.H.S =D[f(x) + g(x)]
= 2 1) + ()
d d
= — f)+ —g(®
R.H.S.= Df(x) + Dg(x)
d d
= — f)+ —g(®)
i.e. LH.S #R.H.S
And
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d [efi(x)] = d
dx Cfl X _Cdxfl(x)
SoD = —ddx is a linear operator.
Ay — L
(e) O¥ = "

In this case the operator O is stand for taking reciprocal of the function

Now O will be linear if

Olf () + g(x)] = 0f (x) + 0g(x) and Olcf,(x)] = c Of1(x)

Now
L.H.S = O[f(x) + g(x)]
1
NIOEY)
R.H.S=0f(x)+0g(x)
1 1
BIOMNIO)
Since
1 1 1
FO+900  F@ 900

i.e.L.H.S +# R.H.S.
So the operator O which stands for taking reciprocal of the function is non-linear operator.
(oW =x*w¥

In this case the operator O stand for simply multiplying by x? (mind that it is not for taking square of
the function)

Now O will be linear if

Olf (x) + g(x)] = 0f (x) + 0g(x) and Olcfy(x)] = c Of;(x)

Now
L.H.S =0[f(x) + g(x)]
= x?[f(x) + g(x)]
=x?f(x) + x*g(x)
R.H.S=0f(x)+0g(x)
=x?f(x) + x*g(x)
L.HS=RH.S.
Again

x? [cfi(x)] = Cx2f1(x)

i.e. the operator O which stand for simply multiplying the function by x? is linear.
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A 4 AV
(g) oY = —lha
In this case the operator 0 = —ih:—x
Now 0 = —ih=_ will be linear if

Olf () + g(x)] = 0f (x) + 0g(x) and Olcf,(x)] = c 0f1(x)

Now
L.H.S=0[f(x) + g(x)]
= 017G+ 900
= —ihif(x) - ihig(x)
dx dx
R.H.S =0f(x)+0g(x)
= —ihif(x) - ihig(x)
dx dx
i.e.L.H.S=R.H.S.
Again

d d
—ih——[cf,(0)] = —cih—f,(x)

A 4 d - .
So0 = —lha is a linear operator.

Importance of operator in quantum mechanics: The principal mathematical deference between
classical mechanics and quantum mechanics is that whereas in the former physical observables are
represented by functions (such as position as a function of time), in quantum mechanics they are
represented by mathematical operators. Since quantum mechanics postulates that the state of a system
is given by a wave function that contain all the dynamic information, so how does one determine the
value of various observables (say, position or momentum or energy) from a wave function. The answer
lies in the 2" postulates of quantum mechanics which states that in order to determine the value of an
observable, we have to perform some mathematical operation on a wave function and this operation is
represented by an operator.

Construction of quantum mechanical operators from the corresponding classical observable:

Two basic classical observables are position and the corresponding linear momentum. In classical
mechanics, they are designated as g and py. Other observables are basically various combinations of
these two basic observables. So all quantum mechanical operators can be constructed from these two
classical observable. The process of converting an observable form a classical system to the
corresponding operator for the quantum mechanical system is formalized by the following rules:

(1) Each Cartesian co-ordinates “q” is replaced by the operator g ,which is nothing but multiplying the
concerned wave function by that coordinate i.e.

4 = q X (concerned wave function)

For example, the position operator for the x- coordinate is X = x x ,for y-coordinate is § = y X and for
z-coordinate is Z = z X

(2) Each Cartesian component of linear momentum pq is represented in differential form as:
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 _ho nha 3
pq_Zniaq Laqor l(’)q

Where h = % . The quantity% = —i, because i(—i) = 1.

i.e. the X, y, z component of linear momentum can be represented with the corresponding quantum

mechanical operators as:

. h 0 ho 0
Dy = ﬂao T or—tha
) h 0 hoa 0
pyzﬁ 6y ?6_ or—lh@
. h 0 hoa 0
P2 = omi 92" 792 7~ Moz

The other operators corresponding to various observable can be constructed by combining the position

and linear momentum operators as shown in the below example:
Operator for potential energy (V):
V(g) =V(g) x
So for:
1D:V(x) = V(x) X
2D:V(x,y) = V(x,y) X
3D:V(x,y,x) =V(x,y,2) X

Operator for faqz:

L2 ( h 0 )2
Pa = \2mi 3q
h2 62 62
- _wR2_
© 4m20q? or —h dq?
Operator for kinetic energy (T):

We know

1
Kinetic energy (T) = Emv2

_1
—ﬁmv

2
==

2m

For 3D space, we can write

p* =pi +py +p;——(2)

From equation (1) and (2), we have
1
= %(Pf +py +p%)
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So

a1 A . A

T = E(pxz + pyz + pzz)
1 h? 092 N h? 92 N h? 92
" 2m\ 4m?ox? 412 0y? 412 072

h? K 02 K
= T Zman? <6x2 * dy? + ﬁ)

_ h? 02 02 02 h2 [ 92 02
= “emtm\axz Tay2 Ta22) " Tam\exz Toy2 T o2

hZ hZ
- _ V20r — — U2
8mZm or 2m
i.e. for 3D in can write
~ h? _ h? _
T=-— V2 or — —V?
8mZm or 2m

Similarly, it can be shown that:

For 2D:
h2 62 62 h2 62 62
T=—o— | — 4+ — - ——
8m?m <6x2 * 6y2> o om <6x2 * ayz)

hZ 62 h2 62
“8nzmox? ” T 2mox?

For 1 D:
T =

Operator for total energy (H):
We know

Total energy (E) = kinetic enrgy (T) + Potential energy (V)

62

)

In quantum mechanics the total energy of a system is expressed by the operator (ﬁ) which is called

the “Hamiltonian” operator.

i.e.
A=T+7V
For 3D:
A=T+7V
h? (0% 9% 9?7 .
= —ﬁ<ﬁ+a—yz+ﬁ>+V(x,y,z)
For 2D:
A=T+7V
h? (9% 92 ~
= —ﬁ(ﬁ+a—yz>+V(x,y)
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For 1D:
H=T+V

h? [ 92 .
=——|==|+V
2m (6x2> @)
Q. What do you mean by Hamiltonian operator? Write down the expressions for Hamiltonian operators
for a particle of mass “m” in one, two and three dimensions respectively.

Q. Write the Hamiltonian operators for the following systems:
(a) H-atom (b) H>-molecule (c) He atom
Ans:

(a) H-atom is a two particle system, it has a nucleus and an electron which can be represented as:

1
2

e (o)

Electron
Nucleus

Here
N e?
V=——
T
And
A h? _ ,
T=——
2mVZ

Since nucleus (particle 1) is stationary, so its kinetic energy is zero and hence we will consider only the
kinetic energy operator for the electron (particle 2) only.

Now

P

H=T+7V
hz,\z 82

2m r

Here

And
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Since nucleus (particle a and b) is stationary, so their Kinetic energies are zero and hence we will
consider only the kinetic energy operator for the two electron (particle 1 and particle 2) only.

Now
H=T+7V
% ,_ o5 _ e? e e e e? e?
=—— (V49 )+ [ — - ———
2m Tab Tiz2 Ta1 Taz Tb1 Th2

(3) He atom is a three particle system it has one nucleus (+2 charge) and two electrons which can be
shown ass below:

1

Here
_e? 2e% 2e?
V=—aT"———
T2 L£] 2
And
. 22 2
T=-—(v,"+7,)

Since nucleus is stationary, so its kinetic energy is zero and hence we will consider only the kinetic
energy operator for the two electron (particle 1 and particle 2) only.

Now
A=T+V
2 2 2 2
= _Zh—m(]2 +W22) + (%—%—%)

Q. Verify that V2 + V i.e. H is a linear operator.
Ans:

62 2 62

VZ(f+9) = <ﬁ+a_yz+ﬁ>(f+g)

2 2

d
e to+55 (f+g)+ (f+g)
_azf 92g aZf 9%g 9*f g
T 0x2  9x%  0y?  Qy?  0z2 0z2

_62f 0%f 09%f 09%g 0d%g 0%g
T 0x2  9y?  0z2  9x%  0y? 0z

62 62 62 62 2 62
:<ﬁ+—z+ﬁ)<f>+<a—+w+a7><g)
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= V(M) + V(9
Again
ViE+9) =V +V (9
Since both V2 and V are linear, so V2 + V i.e. H is also linear.
Postulates 3: It give us idea about eigen functions and eigen values.
Eigen value equation:

In general, when an operator operates on a function, the outcome is an another function. i.e.

0¥ (x) = $p(x)

However, in certain cases, when an operator say A operates on a function say ¥ (x) , the outcome of
the operation is the same function multiplied by a constant. i.e.

AP (x) = A x ¥ (x)

In such cases the function ¥(x) is said to be an eigen function of the operator A and the corresponding
constant “A” is called the eigen value. Such an equation which satisfy eigen function-eigen value
relationship is called an eigenvalue equation.

Physical significance of eigen value equation:

The combination of operator and function yield an expression that could be mathematically evaluated.
However, not all operator/function combinations are mathematically possible, or yield meaningful
results (For example if A = Inand ¥ = —10, then A¥ cannot be evaluated as logarithm of negative
number does not exist). So to yield meaningful result from operator/function combinations in quantum
mechanics, they should follow an eigen function-eigen value relation. The speciality of eigen value
equation is that the eigen values that result from eigen-function/operator combination is the only
possible values of the observables that are obtainable with arbitrary precession in a single measurement.

Let’s elaborate this concept by taking an eigen value equation:

Suppose we want to determine a property M (which may be energy, momentum etc.) of a system. Now
if we know both the wave function ¥,, and operator M corresponding to the observable M and if the
wave function ¥,, is an eigen function of the operator M, then the measurement of the property M is
certain to give the value “c” as a result. If the wave function ¥, is not an eigen function of the operator
M then the result of measuring the property M cannot be predicted precisely.

Q. What do you mean by eigenvalue equation? Write with example what the constant in eigen value
equation indicates.

Q. State whether the following functions are eigen functions or not of the given operators. If so, evaluate
the corresponding eigen values:

S N — i = — Ci g 4 —p-ax ;4
@ W =8e ,A—dx (b) ¥ = Sin nx, A—dx(c)ll’—Slnnx,A—dx2 ¥ =e ,A—dx
_ _—ax? ;_ 4 _ _—ax® ; _ 4@ _ —ax? 5 _1d _ A
e W=e ,A—dx HP=e ,A—dx2 Q¥P=e ,A—xdx (h) ¥ =f(x),A=cx,

@ 9 : — —ikx"_d_z 1 f— 1 A_d_z —_ A—i
where “c”isaconstant () ¥ = e ,A—dx2 (J)‘If—Smnx+Cosnx,A—dx2 (k)lI/—37,A—dx

(¥ = Cosx + isinx,A = L

dx
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Ans:

(a) ¥ =8e*, 4 =

Now

Ay = i(Se‘W)
dx

= 8 X 4e**
= 4(8e*¥)
=4y

i.e. 8e** is an eigen function of the operator % with eigen value of 4.

i =2
(b) ¥ = Sinnx, A = =

Now
N d .
A¥Y = —(Sin nx)
dx
= (n) Cos nx
Since after operation the original function is not regenerated so Sin nx is not a eigen function of the

operator a4
P dx

R 2
@) ¥ = Sinnx, A =L

dx?
Now

N d?
AV = P (Sin nx)

o adad (si )
= g Sinnx

d
= (n Cos nx)
= (-n?) Sinnx
= (-n®)¥

. . . . . az . .
i.e. Sin nx is an eigen function of the operator ey with eigen value of —n2.

_ ,—ax A_i
(¥ =eAd==

Now

. _ . . . d . .
i.e. e~ is an eigen function of the operator o with eigen value of —a.
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_ _-ax? f _ 4
e¥=e A=

Now

AP = — (e=%%)

— —ax? d 2
= (—a)e E(X )

a2
= —2axe” %

This is not an eigenvalue equation because although the original function is reproduced, it is not
multiplied by a constant. Instead, it is multiplied by another function —2ax. So e~%js not an eigen
function of the operator ;—x.

Hw=ei= L
Now
dr
AV = xz( “ )
d d
—ax
dx dx( )

d 2
_ _ —ax
_dx( 2ax e )

d 2
= (—Za)a(x e X )

2 dx
dx

= (—Za)[(—Zaxze‘axz) + e‘axz]

d
= (—2a) [xé —ax )+

— 2 _ 2

= 4a’x? e " —2qe ¥
a2
= (4a®x%? —2a) e™*

This is not an eigenvalue equation because although the original function is reproduced, it is not
multiplied by a constant. Instead, it is multiplied by another function(4a?x? — 2a). So e~%**js not an

2

eigen function of the operator %.

Q¥ =e d=22

x dx
Now

AW 1d e ax )
~ xdx

1 —ax? d 2
=~ x (—@)e™ — (x?)
x dx
1 2
=7 X (—a)e ™™ x 2x
= (—Za)e‘ax2
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= (—2a)¥
ie.e”® jisan eigen function of the operator %dix with eigen value of —2a.
(h) ¥ = f(x),A = c x , where “c” is a constant.
Now
AV = ¢ x f(x)

=c¥

i.e. f(x) is an eigen function of the operator ¢ X.

. ~ 2
()W =e k4=

dx?
Now

d? )

AW — —ik
Ay = ——(e7)

d d .
— —ikx
dx dx ¢ )

d .
— il p—lkx
_dx( ike™kx)

d .
= (—ik)a(e‘”‘x)
= (—ik)(—ik)e Hx
— i2k2e—ikx
— _k2e—ikx
= —k?y

2

i.e. e~ js an eigen function of the operator % with eigen value of —k?2.

" 2
() ¥ = Sinnx + Cosnx, A =%
Now
X 2
AY = W(Sin nx + Cos nx)
=ii(5innx+ Cos nx)
dx dx

= —[n Cos nx — n Sin nx]
dx

=n—:(C —Si
ndx( 0s nx — Sin nx)

= n[—n Sin nx — n Cos nx]
=n X (—n)[Sin nx + Cos nx]

= —n?y
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2
i.e. Sin nx + Cos nx is an eigen function of the operator % with eigen value of —n?.

~d
¥ =37A==

- d
Ay = — (37
37
=0xY

i.e. 37 is an eigen function of the operator :—x which eigen value is zero.

. p_od
(D¥Y =Cosx+iSinx,A = ™

Now

R d
A¥Y = —(Cos x + i Sinx)
dx

=-Sinx+iCosx
=i“Sinx+iCosx
=i(Cosx +iSinx)
=¥
i.e. Cos x + i Sinx is an eigen function of the operator with eigen value of “i".

2

Q. Which of the following functions are eigen functions of the operator %

(i) 4 Cos 3x (ii) Cos% (iii) 5x2 (iv) % (v) tan x (vi) In 2x
Ans:
(i) 4 Cos 3x

. d?
AY = ﬁ(ll Cos 3x)

= d d(4C 3x)
"~ dxdx 05 2%

d
= a(—3 X 4 Sin 3x)
=—-3X3X%x4Cos3x
= -9y
2
i.e. 4 Cos 3x is an eigen function of the operator % with eigen value of -9.
- pe
(ii) Cos "
. d? X
AY = ? (COS Z)

d d
= aa(Cos z)
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_d( 15_ x)
“dax\ 2”7y

1 1 X
:—ZXZ COSZ
1
=167

. . . . az . . 1
i.e. Cos f is an eigen function of the operator e with eigen value of — o

(i) 5%
R d? )
AV = W (5x )

d d
- 2
dx dx (5x%)

= d(2><5)
T dx x
=10

2
i.e. 5x2 is not an eigen function of the operator %.

()

.1, . . a?
i.e. —is not an eigen function of the operator pye

(v) tan x

d
= 2Sec x— (Sec x)
dx

= 2 Sec x (Sec xtanx)
= 2 Sec?xtanx

=2Sec’x¥
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2
i.e. tan x is an eigen function of the operator % with eigen value of 2 Sec?x.

(vi) In 2x

R d?
AV = W (ln ZX)

_d d In2
—aa(n X)

B d(l ><2>
T dx \2x

2
i.e. In 2x is not an eigen function of the operator % .

n
Q. Show that e®* is an eigen function of the operator %. What is the eigen value?
Ans:
_ ,ax A — d_n
Here, ¥ = e®* and A = ——

So

N d"
AV =m(€ax)

= qed

. . . . an . .
i.e. e®* is an eigen function of the operator s and the eigen value is a™

Q. Show that e™* is an eigen function of the operator p,

Ans:
Here, ¥ = e** and A = p, = —ih%
So
Pr¥ = —ih;—x(eik")
= (—ih)(ik)et*
= hke**

e'** is an eigen function of the operator p, and the eigen value is hk.

2 2
Q. Show that%sin(nx) is an eigen function of the operator — &’:—zm% . What is the eigen value.
Ans:
1 . A hZ gz
Here ¥ = ;sm(nx) and A = R —prn

37



Prepared by Dr. Tukhar Jyoti Konch

Now
Aw = h? d? (1 _ )
~ 8m2mdx? nsm(nx)

1
= ‘—8nzmaa(;““(”x>)

h? d
= - 8n2ma(g Cos nx)

h? n?
= <— 8n2m> <—? Sin nx)

n?h? /1
~ 8n2m (E Sin nx)

n2h?

8m2m

. 1 . . . . h2 a2 . . 2p2
i.e. =sin(nx) is an eigen function of the operator ———— with eigen value of = >
T 8w m dx s

8
1 2

Q. Is the wave function ¥ = (%)2 sin ("Tx) for particle in a box is an eigen function of the operator %.

If so what are the eigen value.

Ans:

1

Here ¢ = (%)E sin (nTx) and A = dd—;

1

. _(2\z . (mx)\ . . . dz . . m\2
e ¥ = (Z) sin (T) is an eigen function of the operator s with eigen value of — (Z) .
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Q. Show that the function yp = Cos ax Cos by Cos cz is a an eigen function of the Laplacian operator
V2. What is the eigen value.

Ans:
We know
., 9% 9% 9?
Ve tartas
So

2
Viy (—+—+—) (Cos ax Cos by Cos cz)

dx2
= (Cos by Cos cz) (Cos ax) + Cos ax Cos cz (Cos by) + Cos ax Cos by (Cos cz)

_ aa 44 a4a
= (Cos by Cos cz) o (Cos ax) + (Cos ax Cos cz) o (Cos by) + Cos ax Cos by o (Cos cz)

d d d
= (Cos by Cos cz)a(—a Sin ax) + (Cos ax Cos cz)@(—b Sin by) + (Cos ax Cos by)E(—c Sin cz)

= (Cos by Cos cz)(—a?Cos ax) + (Cos ay Cos cz)(—b?*Cos by) + (Cos ax Cos by)(—c?Cos cz)
= —(a% + b% + c?)(Cos ax Cos by Cos cz)
=—(a®+b*+ ¥

i.e. the functiony = Cosax Cosby Coscz is a an eigen function of the Laplacian operator V2 with eigen
value —(a? + b? + ¢?)

[Self-test]. Show that the function ¢ = Sin k,x Sin k,y Sin ksz is a an eigen function of the Laplacian
operator V2. What is the eigen value. [ Ans: Eigen value is —( &y + k> + k3?)].

Q. What are the eigen function and eigen value of the operator :—x.

Ans:
Let the eigen function is f(x)

Now According to eigen value equation, we have

d
—f() = kf )

LAC) .

i)

Integrating both sides we have,

Inf(x) =kx+c
=> f(x) = ghx+c
=> f(x) = e‘ek*
=> f(x) = c/ek*

i.e. the eigen function of % is ¢/ ek*

Now
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;_x (c/ek") = kc/ekx

i.e. the eigen value is “k”.
Determining the value of an observable from operator/function combination:

If we know the wave function and the operator corresponding to the concerned observable and if the
wave function is an eigen function of the operator of interest, then the corresponding eigen value
obtained from operator/wave function commination will give us the value of that observable.

Q. What is the linear momentum of a free particle described by the wave functions (a) ¥ (x) = e'** (b)
P (x) = e~*** What conclusions can be drawn from the results.

Ans: To determine to value of momentum in the x-coordinate, we have to operate on the given wave
functions by the corresponding linear momentum operator namely p, = —ih %.

() For y (x) = etk

d , .
Petp () = —th— (%)
= —ih(ik)e™**
= +kh ) (x)

This is an eigenvalue equation, with eigenvalue +kh. It follows that a measurement of the momentum
will give the value p, = + kh.

(b) For i (x) = e ¥

et () = —ih o (e~1%)
= —ih(—ik)e™*
= —khy (x)
Now the eigenvalue is - kh, so momentum p, = — kh.

i.e. in case (a) the momentum is positive, meaning that the particle is travelling in the positive x-
direction, whereas in case (b) the particle is moving in the opposite direction i.e. in negative x-direction.

Q. Show that the average value of momentum of a particle described by the wave function e* is hk,
where K is a constant

Q. What is the kinetic energy of a particle described by the wave function Cos kx.

Ans: To determine to value of kinetic energy in the x-coordinate, we have to operate on the given wave
. L A h? 92
functions by the corresponding kinetic energy operator namely T = — Py

Now

~ h? 92
Tl/) (X) = _%W(COS kX)

h? 9 a

= —%aa (COS k.X)

h? 9

= —ﬁa(— k Sin KX)
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k?h?

i.e. Kinetic energy of the particle is v,

Linear combination, linearly independent functions and principle of superposition:

Linear combination: In mathematics, a linear combination is an expression constructed from a set of
terms by multiplying each term by a constant and adding the results. For example, a linear combination
of x and y would be any expression of the form ax + by, where “a” and “b” are constants.

Linearly independent functions: A set of functions f;, f», ... f, are said to be linearly independent if
there exist no relation as such:

aifitcfot cnfn=0

or chfn =0

n

Except under the conditions where all the co-efficient are zero i.e. when ¢; = ¢; = +--¢,, = 0. In other
words, it means that no member of such set can be expressed as a linear combination of the remaining
members. For example Sin x and Cos x constitute a set of linearly independent function as in Sinx =

1
(1 — Cos?x)z, they are not linearly related. On the other hand Sin?x and Cos?x are not linearly
independent (or simply linearly dependent) as in Sin?x = 1 — Cos?x they are related linearly, where
one is expressed in terms of other.

Principle of superposition: If ¥;,¥,,...%, be aset of linearly independent wave functions, then their
linear combination must result in a state function of the system.

ie.
¢ = Clllul + Czlluz + .- quln = Z quln
n

Where ¢4, ¢, ... ¢,, are constants called the expansion coefficients or Fourier coefficients .

Degenerate eigen functions: If two functions when operated by the same operator produces the same
eigen value, then they are said to be degenerate.

Theorm: Linear combination of a set of degenerate eigen function of a linear operator is also an eigen
function of the same operator with same eigen value.

Proof:

Let ¥; and ¥, be the two degenerate eigen functions of the linear operator O having the same eigen
value A, then we have:

0"}’1 = /1"}’1
And
0’1”2 = A,IUZ

Now linear combination of ¥; and ¥, can be shown as:
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¢ =¥ + ¥,
Now

0¢ = 0(c1¥1 + %)
= 0(c,¥1) + 0(c, %)
= ¢, 0%, + ¢, 0%,
=AY + c AP,
= A1V + c,¥,)
= ¢

i.e. linear combination of ¥; and ¥; is also an eigen function of the operator O having the same eigen
value

Q. If w1 and ¥, be the two degenerate eigen functions of the linear operator O having the same eigen
value A, then show that the linear combination of ¥; and ¥ is also an eigen function of the operator 0
having the same eigen value.

Hermitian operator:
Rule of thumb: Operators encountered in quantum mechanics are all linear and as well as Hermitian.

Operators and wave functions may be complex or imaginary, but eigen value of quantum mechanical
operators must be real because they are the only possible measured value and measured values of
observable are always real. This places a restriction on possible quantum mechanical operators.
Operators that have the property to yield real eigen value are called Hermitian operators. A Hermitian
operator say A always obey the below given relation:

f W Ag dr = f $(Av)" dr
= f(,‘bfi*'z”*dr

= (fqh*A’Pdr)

The above expression is known as the definition of Hermiticity.

*

Q. What is Hermitian operator.
Confirming the hermiticity of operators:
Hermiticity of position operator (%):

We know

=
I
=

Now

jll’*xqb dx =f¢x‘lf* dx

([ #raax)

Here we use the fact that (¢*)* = ¢ and x* = x as x is real
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Hermiticity of momentum operator (p,.):

Required intergral: fudv =uv — f vdu

We know

Now

cod
= —ih fsv*—d’ dx
dx

= —ih f‘!’*dqb

— 00

- —ih{[?’*g‘b]i"m - f pdw

Now [¥*¢]Z, = 0, as both the functions are well behaved and hence they must vanished at infinity,
so the above expression reduces to

f‘l’*ﬁxcp dx = (—ih){— foo qbdllf*}
= ih qudsv*

[o2]
*

_ dy
ih f(;b I dx

[oe]

. d .
:lhf(;balpdx

[ee] ' d
f ¢ (i) ——¥*dx

e} *

d
<f¢* (—ih)all’dx>

*

[oe]

=<f¢*zaxwx>
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Properties of Hermitian operators:
(1) Eigen values of Hermitian operators are real
Proof:
Let ¥ and ¢ are two equal eigen function (i.e. ¥ = ¢) of the Hermitian operator A with eigen value A
Now
AV =¥

Since A is Hermitian, so from definition of hermiticity we have:

flp*A Ydr = flp(Aw)* dt
=>f‘l’*7\‘z”dr = f‘l’(?ﬂl’)* dt
=> ?\f Y*ydr = /1*'['{"{’* dt
=> Afl‘l’lzdr =" f|‘1”|2 dr

_> (}\—A*)fmz dr =0

Since
f|w|2 dt # 0
So
A=21)=0
== A=

Now only a real number is equal to its complex conjugate, so the eigenvalue “A" must be real.
Q. Show that the eigen value of a Hermitian operator is real.

(2) If the eigen functions of a Hermitian operator have different eigen values, then they are orthogonal
to each other.

Proof:

Let ¥ and ¢ be the two eigen functions of the Hermitian operator A with eigen values A, and A,
respectively, then we have from eigen value equation:

Ay = 1@
And
Ap =20

From definition of hermiticity we have:

fllf*/iqb dr=fq§(fill/)* dr
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=>fav*/12¢ dr = fd)(ll'{’)* dr
=> ;sztp*(p dr = fqb/l’{‘l/* dr
=> ;szqf*¢dr=,1;qu*¢dr
=> Azftp*qb drz/l*if'}’*qb dr

=> (1, —A’{)fll’*qb dr =0

Since Hermitian operators have real eigen values, so we can write A] = A;, So the above equation can
be written as:

Since the two eigen values are different i.e. (1, —A,) # 0, therefore it must be the case that

[¥*¢ dr = 0. That is, the two eigen functions are orthogonal, as was to be proved.

Q. Prove that if the Eigen functions of a Hermitian operator have different eigenvalues then they are
orthogonal to each other.

Gram-Schmidt orthogonalization technique:

We have Seen that two eigen functions of a Hermitian operator that corresponds to different eigenvalues
are orthogonal, but if the eigen functions are degenerate (same eigen value) then they need not be
orthogonal. Nevertheless, in the case of degeneracy, we can construct eigen functions that will be
orthogonal to one another via applying Gram-Schmidt orthogonalization technique.

Let us consider tow degenerate eigen functions ¢, and ¢, of an operator B with the same eigen value
Of CGa,’

Now

§¢1 = a¢, and §¢2 =a¢,

Since ¢, and ¢, are degenerate and hence they need not to be orthogonal, but we can take linear
combination of ¢, and ¢, to construct two eigen functions ¥; and ¥, such that they become
orthogonal to each other. We chose

Y1 =¢and ¥, = ¢ +cdy
Where the constant “c” is chosen to ensure orthogonality

Since ¥, and ¥, are orthogonal, so

f qjlqud‘[ = 0
—> f $1(s +cpr) = 0

=>f¢1¢2dr+cj¢12dr=0

_ f 1 ¢odt
f¢12dT
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:>C:—f¢1¢2d’f

So the two orthogonal functions are ¥; = ¢, and ¥, = ¢, — 1 [ ¢ ¢odr

Q. Using Schmidt orthogonalization technique, orthogonalized the following non-orthogonal functions
over the interval 0 < x < a.The functions are: ¢; = 1, ¢, = x and ¢3 = x>

Ans:

Let
Vi=¢1=1
VY,=¢,tcp;=x+c
Vs =¢s+ ¢+ 00, =x%+c +0px
Now using orthogonalization condition we have:
1
f Y. ¥,dx =0

0
1

=>f1(x+c)dx =0
0

2711

=>|—=| +c[x]§ =0
2
0
=>=-+c=0
=>Cc = >
i.e.
Y, =x——
2 =X 2
Similarly,
1
f’{’ﬂ’zdx =0

0
1

=> f 1(x? +¢; + cx)dx =0

311 211
X 1 X
=> |- +C1[X]0+C2 - :O
3 2
0 0
>t + 2=

2
=>§+2C1+C2=0
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=20ty = —2
=>2c¢c;+c, = 3
Again
J, W, ¥sdx =0

1 1
=> [ (x - E) (x%+ ¢+ cx)dx =0
1
1
=> f [x3 + o1 x + cpx? — E(x2 +c + czx)] dx =0
0

el rafs] 5] e afz] o
Ci|—= COl=l — 3= C11X]o C|l= =
0 20 30 2 3 0 20

1 ¢ ¢ 1/1 c
= —+i+i——0+q+i>=0

4 2 3 2\3 2
:>C2:_1
Since we have
2C1+C2:__
=>2c—-1=-=
= C1_6
So
' 2+1
=x"+-—x
3 6

i.e. the orthogonal functions are: ¥; = 1,¥, = x —% and V5 = x? + % - X

Basis function, complete set and expanding a wave function on orthonormal basis:

A general function can be expanded in terms of all the eigen functions of an operator. If ¢ is a general
function and ¥,,¥,..%, are the different eigen functions (orthonormal set) of the operator
corresponding to the observable of interest, then the general function ¢ can be expressed as a linear
combination in the form of:

(l) = Clllul + Czlluz + .- Cnllun

= Z cn'n

n

Where the orthonormal set of eigen functions {¥,} i.e. (¥1,¥,, ... %,) as a whole are called complete
set in the sense that any arbitrary function can be expressed as a linear combination of them and each
individual functions that are used to construct the complete set is called the basis functions. The above
expression that expanded a wave function in terms of orthonormal set is known as Fourier expansion.

Theorm: If two linear operators A and B have the same complete set of eigen functions then they
commute i.e. [4, B] = 0.

Proof:

47



Prepared by Dr. Tukhar Jyoti Konch

Let ¢,, (x) be the common complete set of eigen functions of the operators A and B. Now according to
eigen value equation we have:

Ad)n(x) = apdnp(x) — —(a)
And
B¢n(x) = By¢pn(x) — —(b)

Now let’s assume an arbitrary function f (x) which can be expanded in terms of complete set of eigen
function of the operator A and B i.e. in terms of ¢,, as:

) =) enpn(9) = =(1)

n

Now we must show that
[4,B] f(x) = (AB — BA)f(x) =0

Now

[4,8] 700 = [4,B] ) cutpu(@)

Cn [A: E] ¢n (x)

M =D =D =D =] P

cn(AB — BA) ¢ (x)

Cn [Ag(Pn(x) - BA(Pn(x)]

Cn [Abn¢n (x) — gan(pn (x)]

Cn [bnA(pn (x) - anB(pn (x)]

Cnl[bnandn(x) — anbydy (x)]

= Z bnancn[¢n(x) - ¢n(x)]

=0
i.e. [4,B] = 0, hence proved.

Theorm: If two operator A and B commute i.e. if [4, B] = 0, then they have the same set of eigen
functions.

Proof:
If ¥; is an eigen function of the operator 4, then we can write

AY; = ;¥ — —(1)
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Now let’s suppose that the eigen values are non-degenerate (aq, a,, as ... etc. are not equal) i.e. there
is only one eigen value with respect to a single function, for example, eigen value a, for the function
¥,, eigen value a, for the function ¥, and so on.

Since A and B commute, so we can write

Equation (2) implies that BY; is also an eigen function of the operator A with same eigen value "a;" as
predicted by equation (1). Since we assume that the eigen values are non-degenerate, but we found that
both the function ¥; and B¥; has the same eigen value (degenerate eigen value). This is possible only
when BY; and differ from ¥; only by a constant factor, i.e.

Elllll. = bilpi

This means that ¥; is also an eigen function of the operator B. So in conclusion we can say that the
operator A and B has the same set of eigen function namely ;.

Average value or arithmetic mean:

The average value of a measurement of a property say “A” is simply the arithmetic mean which is
denoted by the symbol < A >, i.e.

N

(A) =%Zai

i=1

Alternatively, we can also write:

N
1
(A) = NZ nga
=1

Where (A) is the average value of the property A, “N” is the total number of measurements, "a;" is the
observed value of A, "n," is the number of times "a" is observed and "a" is a possible value of A.

Let’s a class of 9 students take a quiz and receive grades as: 0, 20, 20, 60, 60, 80, 80, 80, 100.

Now the average grade will be:

(Grade) = =52.22

1 0430 +30+50+50+70+ 70 + 70 + 100
sz"_ 9

=1
Or
N
(Grade) = %znff _ 1(0) + 2(30) + 2(52) + 3(70) + 1(100) _ 5229

i=1
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Postulate 4: It gives us idea about average or expectation value.

The eigen value equation says that when the wave function is an eigen function of an operator, the
corresponding observable have a definite or precise value. However, when the wave function is not an
eigen function of an operator this does not imply that we cannot extract any information from the wave
function. In such cases, instead of a definite or precise single value of the observable, a number of
possible values of the observable will be forthcoming from the concerned wave function and from this
large collection we can simply calculate the average or expectation value.

Expression of average or expectation value in quantum mechanics:

We know

Where p, = % is the probability of observing the value of “a”.

Now we can make three changes in equation (1):

(a) The summation over the infinitesimal probabilities in equation (1) can be replaces by an integration
over all region of space.

(b) Probability p, can be replaces by |¥|?dt or $¥*dr (From Born interpretation).

[3P% 1]

(c) The value of the observable i.e. “a” can be replaces by the corresponding quantum mechanical
operator A.

With these changes we can re-write equation (1) as:

(A) Avyrdr

Y Apdr

I
I

This is the required expression for average or expectation value of a property “A” when the wave
function is normalized i.e. when ffzo Y*ydr = 1.

When the wave function is not normalized then we have the expression for average value of a property
L‘A” as:

) [Z wrAydr
R
Q. A function is defined as ¥ = x, find the average value of position in therange 0 < x < 1.

Ans:
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Here, ¥ = xand A = x

So

x31°

5],

-
_3
4

Q. Describe the term expectation value of observable in quantum mechanics. Give the relation of it with
the wave function.

Q. If the state function of a system is ¥, then write the expression for expectation value of a physical
quantity denoted by “M”.

Physical significance of average or expectation value:
Case a: When the wave function is an eigen function of the corresponding operator

Let ¥ is a normalized eigen function of the operator A with eigen value of “a”, i.e. A¥ = a¥, then we
have:

[oe]

(A) = f p*Avdr

i.e. in such case the average or expectation value is equal to the eigen value of the observable. In other
words, we can say that when the wave function is an eigen function of the corresponding operator, then
the determination of the property will always yield one result, namely the corresponding eigenvalue.

Case b: When the wave function is not an eigen function of the corresponding operator

Let ¥ is a normalized wave function which is not an eigen function of the operator of interest say A.
Although ¥ is not an eigen function of the operator A4, but we can expressed ¥ as a linear combination
of eigen functions of 4 as:
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Y= Z cp ¥, where A¥, = a, ¥,
n

Now

n —00
= Yleal? f Wea,Wde
n —00

= leal?a, f e, dr

—00

=D lenlPan === (@)

i.e. the expectation value is a weighted sum of the eigenvalues of A, the contribution of a particular
eigenvalue to the sum being determined by the square modulus of the corresponding coefficient (|c,,|?)
in the expansion of the wave function.

We know that

N
(A) = puay = ~(b)
n=1

Comparing equation (a) and (b) we have

Pn = |Cn|2

i.e. probability of observing the value of a particular eigen value a,, is equal to the square modulus of
the corresponding coefficient (|c,,|?).

Again total probability must be always equal to 1, so we can write

N
Zlcnlz =1
n=1

Let’s make it clarify with an example: Suppose ¥; and ¥, are two normalized eigen function of the
operator A with eigen values a; and a,. i.e.

Awl = alll’l and A\lluz = azlluz
Now consider the linear combination of the two wave function i.e.

lII = Clqjl + Cijz
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Now ¥ is not necessarily an eigen function of the operator A. Now the average value (4) of the
associated wave function ¥ is:

(Ay= [ wrAydr
= f_oooo(c1w1 + W) A(c, Wy + cW,)dr
= [Z (W1 + W) (1 AWy + c, A W,)dr
= [Z (c;¥; + ¥ (cra Wy + cra,A ¥,)dr
=ciciay ffooo Y. dt + cic a4 fjooo YW, dt + cfcya, ffooo PIW,dt + cicya, f_oom Y W, dt

= |c11%a; + |z |2,

The interpretation of this expression is that in a series of measurements each individual measurement
yields either a, or a,, but that the probability of a, occurring is |c;|?, and likewise the probability of
a, occurring is |c,|?. The average is the sum of the two eigenvalues, but with each weighted according
to the probability that it will occur in a measurement.

Q. The wave function ¥ for a certain system is given as a linear combination of two linearly independent
wave functions ¥; and ¥, with energy eigen values E; and E; respectively as:

1 2
Y = gqll‘l' gqlz

What is the probability that the systems energy will be observed to be E1?

Ans: The measurement of an eigen value is proportional to the square modulus of the co-efficient,

2
So probability of measurement of E; = < 1) = § =33.33%

Q. The wave function ¥ for a certain system is given as a linear combination of three linearly
independent wave functions ¥, , ¥, and ¥; as:

1 1
Y = Ellul +Zq,2 + C3‘1U2

Evaluate the value of c5.

Ans:
We know
N
D lenl? =
n=1
2 12
=>(3) +(3) =1
=> () =1-7-1
o) T T T 16
=> (ca)? = 75
BT
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S V11
=>C3 =
i.e. the value of the |||issing coefficient C3 is —il

Bracket notation and matrix notation in quantum mechanics:

In quantum mechanics, the definite integral over all space of an operator sandwiched between two
functions occurs often, and various abbreviations are used to represent this calculus (integral)
formalisms in simplified notation:

Dirac bracket notation: In this notation, the wave function of a system say ¥ is given by a quantity
called “ket” and is represented as "I > " and the complex conjugate of the wave function i.e. ¥* is
given by a quantity called bra and is represented as " < I".

So the eigen value equation: A¥ = a¥ can be expressed in terms of bracket notation as:
AW >=qaly >
Again a general integral formalism can be written in bracket notation as:
j W AW, = (W |A[,) or {mlA]n)

Note: (a) If the operator A = 1, then it is not shown in bracket notation i.e. instead of writing (¥,,,|1|¥,)
we can simply write it as (¥, |#,). (b) [ W¥, = (m|n) = (n|m)*
Similarly, the expression for expectation value can be written in bracket notation as:
" J2 wrAwde

2 wrwdr
_ (#l4]¥)

(P|¥)

Matrix notation: It is an abbreviated form of Dirac bracket notation where the integral is written as a
matrix element of the corresponding operator

ie.
(m|A[n) = A
Simultaneous observable, complementary observable and uncertainty principle:

Simultaneous observable: If two operators commute with each other, then simultaneous measurements
of the physical properties (observable) represented by the two operators can be precisely evaluated.
Such pairs of observables for which [A,B] = AB—BA =0 and hence can be be specified
simultaneously is called simultaneous observable. For example: all three position operators
%,9 and 2 commute with one another i.e.[%,J] = [X, 2] = [¥,2] = 0, so there is no constraint on the
complete specification of position. The same is true of the three operators for the components of linear
momentum i.e.[py, By| = [Px, P.] = [Py, P.] =0, so all three components can be determined
simultaneously.

* Since position operator and potential energy operator simply represents multiplicative operation, so
order of operation involving them will be irrelevant. Hence 2V (x) = V' (x)% i.e.[%,V(x)] = 0.

Complementary observable and uncertainty principle: If two operators do not commute with each
other, then simultaneous measurements of the physical properties (observable) represented by the two
operators cannot be precisely evaluated. Such pairs of observables for which [A,B] = AB —BA # 0
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and hence cannot be specified simultaneously is called complementary observable. For example: the
position operator corresponding to “x” coordinate ( X ) and the momentum operator in the same co-
ordinate i.e. p,, do not commute with each other i.e. [%, p,] # 0. So precise simultaneous determination
of the position on the x-axis and the momentum parallel to x-axis is not possible which is the statement
of Heisenberg uncertainty principle.

Q. Define complementary observable with one example.

Q. Show that *[%,p, ] # 0, but [%,p,] = [, p,] = 0. What conclusion can be drawn from the result.
Ans:

Let the operand function is ¥

Now

h d h d
= %omidx O T m W)
h d¥ h d
=xXz——————— &%)

2widx 2midx
h d¥ h d¥ h

=X =X ——— — 5

2mi dx 2widx  2mi
h
=——VYorih¥
2mi

Removing the arbitrary function from both sides, we have

h .
[X,Py] = —5 0T ih #0

Again
[£,0,|¥ = 2D, ¥ — P3P
h d h d
=x——(¥) — ——x(¥
x27ridy( ) Znidyx( )
__hd¥ hd )
_x2ni dy 2midy X
__ha¥ h av w h dx
_me' dx x2m’ dy 2midy
=0
i.e.
[’?' ﬁy] =0
Similarly, we can show that:
[%,9,] =0

So the conclusion is that simultaneous specification of the position in x-axis and momentum parallel to
x-axis cannot be determined precisely, but the simultaneous specification of the position on x-axis and
the momentum parallel to y or z axis can be determined simultaneous with arbitrary precession.
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Q. Show that: [£,p, | = =

T om

Q. Show that momentum operator p, in x-direction commute with the kinetic energy operator T,.in the
same direction.

Ans:
We know
o _hd . W
Px = Ty M4 x 2m dx?
Now
. (h d) h? d?
Peix® = \Tax)\ ™ 2m dx?
B dd
T 2imdx dx?
B S
T 2imdx3
Again
s w h? d? (hd)lp
Pt =\ T ax? )\ dx
B d?av
2imdx? dx
3 hd d3y
T 2imdx3
Now

L s O
Pxlx N T IV 2im dx3

=> (ﬁxTx - Txp’\x)l‘u = 0¥
=> (ﬁxTx - Txﬁx) =0
=> [P, Tx] = 0

i.e. p, and T,, commute with each other and hence simultaneous determination of linear momentum
and kinetic energy in the same direction is possible with arbitrary precession.

Properties of commutator:

© [A,B+C] =[AB] +[4Clor[A+B,C] =[AC] +[B,C]
@) [4,BC] = [4,B]C + B[4, €] or [4B,C] = [A C]B + A[B, (]
(&) [kA, B] = [A, kB] = k[4, B] and [mA, nB] = mn[4, B]
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(HIf [A,I?] = 0and [K, (f] = 0,then [E, (f] =0

Q. Find () [x",2](0) [, 2] (©) [Ty ] (@DI2, P2
Ans:

@t

We know

Using the property of commutator: [4, B] = —[B, 4]

We have
d
n__ | - _ n—-1
[x I nx
d d*
QY el
Ans:
Here
A=t anadi= &
T dx an T dx*t

Using the property of commutator: [4, A"] = 0

d dt)_.
dx’ dx*|

We have

(©) [T Px]

Ans:
We know

- h? d?

T, = T a2 and P, = —iha
Now

o h2 42 d
(Febs] = |~ gz~~~ @

Using the property of commutator: [mA, nB| = mn[4, B] in equation (1), we have

75, < [ d ,

o Pl = 50 (a2 dx (2)

Using the property of commutator: [4, A"| = 0 in equation (2), we have
[Tx:ﬁx] =0

(d) [%, p7]
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Ans:

Using the property of commutator: [4, BC| =
[

We know
h
[X,P,] = ih and p, = T

Putting these values in equation (1), we have

Quantum mechanical waves and Schrodinger equation:

The classical one dimensional wave equation is:

0°u 1 0%u )

x2 2 0t2 M
Where u is the amplitude of vibration and c is the velocity at which the wave propagates. This
differential equation possesses two variables viz. spatial coordinates (x) and time (t) and hence the
amplitude is a function of these two variables i.e. u(x,t). Now the spatial part can be written as ¥(x)
and the temporal part as Cos wt.

Now applying the principle of separation of variables we can write:

u(x,t) = ¥(x) X Cos wt — —(2)

Now
0%u(x,t) 02
T = F [P (x)Cos wt]
= —w?¥(x)Cos wt — —(3)
And
0%u(x,t) 02
T = ﬁ [IP(X)COS (,L)t]
0¥ (x)
= Cos th -—4)
From equation (1), (3) and (4), we can write
92¥ (x) w?
Cos wt Fv I —C—ZlP(x)Cos wt
0%2¥(x) w?
7 Toxz ez
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62'{’(x) w?
0 ’P(x)—O———(4)
We know

w = 2nvand c = vi
Putting these values in equation (5), we have

0%¥(x) 47r2v2
722 + 2 =Y (x)=0

825”(35) 472
5z T —5¥@)=0--(5)

We know

E=T+V
P2
=>F=—+V
7 TV )
PZ
=>—=FE—-V(x)
2m
1
=>P =[2m(E —V(x))]z
From De-Broglie hypothesis of wave-particle dual nature, we have

[2m(E — VG2
So

h2
2 = -———
2m(E —V(x))
Putting the value of A2 in equation (5), we have

92¥ (x) 472 B
722 + % Yx)=0
[Zm(E —V(x)]
22¥ (x)
%2 + [E V)P (x)=0
h? 6211’(x)
=> m 92 +[E-V(@)]¥Hx)=0
3 h? 02¥(x)
= T8nZm oxz | V)~ E¥(x) =0
3 h? 0%¥(x)
=> "9 o +V(x)¥(x) = E¥(x)
2 a2

T8I m ot + V() |¥P(x) =E¥(x)
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The above expression is the time-independent Schrédinger equation in one dimension.

If we consider that the wave propagates in 3 D space, then we can write

h? K 02 02
[_8n2m<ﬁ WJ’a_) +V(x, y,z)] ¥y, z) = E¥(xy,2)

h? _
o= VZ+V(x,y, Z)] Y(x,y,z) = E¥(x,y,2)

=>|—

=> H¥(x,y,2) = E¥(x,v, 2)

The above expression is the time-independent Schrédinger equation in three dimension which is derived
from classical wave equation via incorporating De-Broglie equation.

Q. Deduce Schrodinger equation on the basis of classical concept

Q. Show that the classical wave equation of stationary wave is consistent with Schrodinger equation if
de Broglie relation is used.

Using quantum mechanics on some simple systems:
(1) Free particle in motion in one dimension:

By free particle, we mean that the particle is not under the action of any force. The dissociation of an
electron from an atom, radioactive decay of alpha or beta particle are some examples of free particles.
The potential energy of such a particle is constant and can be taken as zero for convenience. So the total
energy is solely due to the kinetic motion of the particle.

The Schrodinger equation for 1 D is:

h? 92
[ 8Zm 9x2 + V(x)] Y(x) =E¥(x)

h2 62
or[ o 62+V(x)

Y(x) = E¥(x)

Since the potential energy for a free particle is assumed to be zero, so we can write
h? 9%¥(x)
" 2m  9x?

This is a 2" order differential equation, whose general solution will be:

=E¥(x)——-()

Y = Ae’** + Be~*Xor A cos kx + B sinkx
[ Euler’s theorem, e?** = cos kx + i sin kx]
Now

h? 092 . . h? . .
_%ﬁ(/lelkx + Be—lkx) — _Z_[A(ik)zelkx + B(_ik)ze—lkx]

— hz(lk)z (A ikx +Be—lkx)

k2h2 . .
=5 (Ae™™ + Be™*) — —(2)

Comparing equation (1) and (2), we have

60



Prepared by Dr. Tukhar Jyoti Konch

k?h?

2m
i.e. the wave function and energy expressions for a free particle in one dimension are:
k?n?

Y = Ae*™* + Be KX gnd E =
2m

The wave function is acceptable for any value of k, so the energy term that involve k? can take any
non-negative value, including zero. i.e. we can say that for a free particle £ > 0. As a result, the
translational energy of a free particle is not quantized.

Q. For free particle how can you show that its energy is not quantized. What is the restriction imposed
on its energy? Give one example of free particle.

(2) Confined motion:

(a) Particle in a one dimensional box:

3 [ s

Energy
4
¥

—» X-coordinate

r'y

x=0 X=a

Consider a box in which a particle of mass “m” is confined to move in a one-dimensional space of
length “a” between two impenetrable walls. The potential energy is zero inside the box but rises abruptly
to infinity at the walls located at x = 0 and X = a to ensure that the particle cannot escape from the box.
Therefor potential energy is infinite outside the box indicating no probability of finding the particle
outside.

i.e.

V(x)=0,0<x<a
=00,x>0,x<0

Schrodinger equation for outside of the box:
Ay = E¥

=> —h—zaz—qj + oo = oY
2m 0x?
2m 0x?
0%y

dx?

2
Now ‘;7[’: is finite only when ¥ = 0 or W2 = 0, i.e. there is no probability of finding the particle outside

the box.
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Schrodinger equation for inside of the box:

HY = E¥Y
h? 92
=> — 0¥ = E¥
2m 0x?2 +
__ hory
B 2m 0x?2
3 h? 92y [
B 2m 0x?2 -
h? 92
=>——+FY =
> 2m 0x?2 +
9°Y 2mE
=> gt ¥ =0-—(1)
Let
2 2mE
K== ==
From equation (1) and (2), we have
o + k2P =0
0x?2 B

This is a 2" order differential solution whose general solution is:
Y =ASinkx + B Cos kx — —(1)

An acceptable wave function must be finite, so the wave function must be vanished (become zero) at
the two boundary of the box.

ie.
Y=0atx=0andatx =a
Now applying the boundary condition of % = 0 at x = 0 in equation (1), we have
0=ASinkO0+ B Cos kO
=>B=0

Putting the value of B in equation (1), we have

Y =ASinkx——(2)
Again, applying the boundary condition of ¥ = 0 at x = a in equation (2), we have

0=ASinka
=>Sinka=0

=>ka =nm
k=" _3
=>k=—--@3)

Where n=1,2,3...
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Putting the value of “k” in equation (2), we have

nmx
Y =ASin —
a
Comparing equation (2) and (3), we have
2mE NIy 2
= (%)
n?m?h? n?h?
=>F =
2ma? 8ma?

Where n =1,2, 3.... called the quantum numbers.
i.e. for a particle in 1 D box the expression for wave function and energy are:
n?m?h? n?h?

or
2ma? 8ma?

nmx
li’n=ASinT and E,, =

Sincen=1,2,3... i.e. “n” can have only discrete value and hence the energy value is restricted to having
only certain values. So the energy of the particle in the box is quantized. This quantization arises from
the boundary conditions that y must satisfy. The need to satisfy boundary conditions implies that only
certain wave functions are acceptable, and hence restricts the eigenvalues of energy to discrete values.

The values of “n” cannot be zero i.e. n #= 0, if n =0, then
nm
k=—=0
a
So the wave function becomes as:
nmx
¥ =ASin T =0

i.e. n =0, lead to the conclusion that ¥ = 0 or ¥2 = 0, i.e. the particle is not inside the box, which is
absurd, as it goes against our initial assumption that the particle lies inside the box. So value of “n”
cannot be zero.

Q. Set up and solve the Schrodinger equation for a particle in 1 D box for wavelength and energy.

Q. The wave function for a particle in 1 D box is: ¥ = 4 Sin k%. State why the value of quantum
number “n” cannot be zero.

Q. Justify the quantization of energy for a particle in 1 D box.
Q. What will happen if the walls of a particle in 1D box are suddenly removed.

Ans: The quantization of energy in particle in 1 D box arise due to boundary conditions that restrict the
particle motion within the box. If the walls box of the is removed, then the particle will become a free
particle. So for this unbound particle, restriction in its energy as imposed by boundary condition will
no longer valid and hence its energy quantization will disappear.

Zero-point energy (ZPE) and uncertainty principle:

Zero-point energy is the lowest possible nonzero value of energy possess by a system. Since for a
particle in 1 D box n # 0, so the lowest possible energy state (ZPE) corresponds to n =1 quantum state.

i.e.
h2
8ma?

Ezpp =
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i.e. for a particle in 1 D box, the particle is not at rest even at absolute zero (0 K) as they possess some
kinetic energy and hence some finite momentum. This existence of zero-point energy can be accounted
for by the Heisenberg uncertainty principle. If the particle could possess zero kinetic energy, then its
speed would also be zero, consequently there would be no uncertainty in determining its momentum
(AP) and as a result its uncertainty in position (Ax) would then be infinite. But the particle lies within
the box of length “a” and hence the uncertainty in determining the particle’s position cannot exceed the
box length “a”, therefore, zero kinetic energy would violate the Heisenberg uncertainty principle and
hence it is not possible.

Q. What do you mean by zero-point energy? Find the find expression for zero-point energy for a particle
in 1 D box.

Q. Why a particle in a box cannot have zero energy quantum mechanically or justify the existence of
ZPE for a particle confined in 1 D box.

Q. An electron is confined to a molecule of length 1 nm. Considering the electron to be a particle in 1D
box, where potential energy is zero, (a) calculate its minimum energy (b) What electronic speed this
minimum energy will corresponds to.

Ans:

(a) The minimum energy possess by a particle in 1 D box is the zero-point energy which is:

h2
Ezpp = 8maZ
Now
m=9.1x10%kg,a =10""m,h = 6.63 x 1073%Js
So

o (6.63 x 10734 J5)2
ZPE ™ 8% 9.1 x 10-31kg x (10~° m)?

= 6.04 x 10729]

(b) Since potential energy is zero i.e. V = 0, so total energy is solely due to kinetic energy i.e.

E=T=2mv?
= —zmv

2F

=vy= |—
m

|2 x6.04x 1072
] 91x1031kg

= 3.65 X 10°ms ™!
Normalization of the wave function for a particle in a 1D box:

We have the wave function for a particle in 1 D box as:
nmx
an = A Sin T

Here “A” is an arbitrary constant i.e. the wave function is not normalized yet. In order to ensure that
the particle lies within the box with probability of finding it to be unity between x=0 to x = a, it must
be normalized. i.e.
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_ a
A2 Sin ZnCirx
=>—|x— =1
2 2nm
a 0
AT a S 2nnx]a 3
21z e -
A% a _ 2nma a _ 2nm0
=>— (a——Sln )—(0——Sm )]zl
21 2nm a 2nm a

=>Zl@-0-0-0]=1

A2
2

a

. . . 2 .
So the normalized wave function is: ¥, = \/; Sin ==

Q. Deduce the expression for normalized wave function for a particle in 1 D box.

Q. Show that the wave function for a particle in 1 D box is not an eigen function of the linear momentum
operator p,but of P2,

Ans:

The normalized wave function for a particle in 1 D box is:
2 nnx
¥Y,= |- Sin —
a a
dZ

A . d "2 2
Dy = —lhaand P =-h Ix?

We know
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. . d 2  nmx
px'Pn = —lha a Sin T

1
— —ih (2)2 :—x(sm n%x)

1
() e

# Constnat X ¥,

Now

. 2 . - . - - A
e ¥, = \/; Sin % is not an eigen function of the linear momentum operator p,.

Now

4

. 2 L. Nmx . . . 5o . n2h2
i.e. ¥, = [= Sin —=is an eigen function of the operator P¢ with eigen value of
a a a?

Properties of wave function (¥,,) for a particle in 1 D box:

n=1

n=2
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(1) The wave functions are all sine functions with the same maximum amplitude but different
wavelengths. The wave length (4,,) varies as %a i.e. the wavelength gets shorter as “n” increases.

(2) Wave functions are alternatively symmetric and antisymmetric with respect to a mirror plane placed
at the center of the box. Wave functions associated with all odd number of “n” is symmetric and that of

(I}

all even number of “n” is antisymmetric.

(3) The boundary condition implies that the wave functions must vanished at the two ends of the box
i.e. ¥ = 0atx = 0and x = a. But besides the boundaries, there are points inside the box where the
wave function is zero. These points are called nodes. There are zero probability of finding the particles
at the nodes. With increase in the value of quantum number “n”, number of nodes increases. Basically
in a specified quantum state “n”, there is n-1 number of nodes present.

Nodal theorm: This theorm states that the ground state for a system is node-less, and that the energy
of a quantum state increases with an increasing number of nodes.

Expression for wave length associated with particle wave in 1 D box:

We know
n2h?
"= 8ma? -
Again
E,=T+V
But for a particle in 1 D box, V=0
So
E,=T
1
__ 2
> mv
PZ
“om @
From equation (1) and (2), we have
n2h2 P2
8ma?  2m
n?h?
=>a?= 2P -(3)
From De Broglie hypothesis we have
P h
=7
Putting the value of “P” in equation (3), we have
252
0 = n“h
h 2
+(z)
2192
e g? = nei;
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. 2
i.e. forn = 1 state A4 = 2a,n = 2 state A, = a,n = 3 state 13 = ?a and so on

/ :
n:4 414 =5
Peak

oA A A
R AN Tm-ué: /

/"_‘-\
n=1 .1] =2a

. L
a

(1P

Q. A particle with mass “m” is moving in a 1D box of length “a” where the potential is zero. Show that

the wavelength associated with the particle is 7

Q. Show that length of a particle in 1 D box is an integral multiple of ’12—" where 4,, is the wave length

associated the particle wave. [ Hint: We have to prove that a = n (’17")]

Properties of probability density (¥2) for a particle in 1 D box:

n=3 n=12
n=2 AANAARRAAAND
n=1 \ \|.‘“\".\‘.MI“|
|¥[? |2 kdk wif | ] IR

I‘|'\I"""|"‘|"h
LT

nmnx nmnx

2
(1) The probability density for a particle in 1 D box is ¥? = <\/§ Sin T) = éSin2 (T)

(2) w2 i.e. probability density has the same number of maxima as the quantum number “n”. The most
probable location of the particle corresponds to the maxima in the probability density plot. At high
guantum number (n > 2) there are point within the box called nodes where ¥2 = 0. i.e. in these points
the probability of finding the particle is zero.

(3) In classical mechanics, the probability of finding the particle is the same at all points along the box.
This is because the particle has constant energy, hence constant speed, we would expect the particle to
spend equal time in each line segment between 0 to a. However, quantum mechanical solution shows
that the probability density is not uniform as the particle spent more time in some segment represented
by the maxima’s and spent no time at some segments represented by the minima’s. But as we go to
higher energy states, the maxima and minima come closer together and hence probability density (¥2)
become more and more uniform as the quantum number “n” increases. i.e. as the value of the quantum
number increases, the probability density oscillates more and more. For very high values of “n” there
are so many oscillations that we would not expect to observe anything other than a constant or uniform
value for the probability density. Classically this is just what we would expect for a particle in a box.
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This is the so called Bohr’s correspondence principle which states that classical mechanics resembles
with quantum mechanics in the limit of very high quantum number. The large quantum-number limit is

known as the classical limit.

Q. Give the plots of ¥ and ¥? against co-ordinate for n = 2 state of a particle in 1 D box of length “a”
where potential energy is zero.

Q. Explain Bohr’s Correspondence principle.

Q. For a particle in a 1 D box of length “a” find the probability of finding the particle in the region 0 <
x < % in ground state (n =1) and in 1% excited state (n = 2).

Ans:

We know

Now

ra a Si nm
4 2nm m 2

1
a
1 1 nm
4

2nm m 2

For ground state i.e. for n =1

P =

1 15_11
4 22”2
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For 1% excited state i.e. forn =2

1 1
=—————X
4 2x3.14

= 0.0908

1

1 1 2n

1 Ixzxnom

1 1
=———3Sinm

Q. For a particle in 1 D box of length “a” find the probability of finding the particle in between 0 to %

in the ground state (n =1).
Ans:

We know

So

Now

a 2
2 2 X
=f —Sin — | dx
0 a a
2 X
=—| Sin?(—)d
2 s ()
2 a
_ 2 %5ci 2 (X
_Zafo 2Sin (a)dx
a
112 21X
=—f [1—Cos—]dx
al, a

a
a2 a 2mx12

2 _ S -
[x]o 21 [ m a ]0]

SEIE
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1| ,a a 2”% 70
=2 G=0) =gz | sin =2 = sin
lja a .
=2lz 27 sin]

1

=3

Q. Evaluate the probability of finding a particle in the vicinity of center of a 1 D box of length 1 nm for
n =1 state.

Ans:

In the vicinity of center, the position is not precisely measured. so we can say the particle lies in between
x1= 0.49 nm and X, = 0.51 nm

Now
dx =x, —x;
= (0.51 - 0.49) nm
= 0.02nm
We are given that:
Length of the box (a) = 1 nm

Quantum state (n) =1

Position of the particle (x) = center of the box =% = % nm = 0.50 nm

2 nnx
Y, = |- Sin —
a a

We know

So

Now
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Q. The size of a nucleus is 1012 cm. Treating it as a 1 D box show why the electron does not exist in
the box i.e. in the nucleus. Given mass of electron (me) = 9.1 x 10 kg

Ans:

An electron will be there in the nucleus if its columbic potential energy is greater that the zero-point
energy, otherwise it will escape from the nucleus.

Now
h2
8m,a?

B (6.63 x 10734 J5)?
"~ 8x9.1x1031kg x (10~14 m)?2

Ezpp =

=6.04 x 107197

Now

62

T
(16 x1077()?
B 10~14m

= —2.6 X 10724

ECoulombic

i.e. zero-point energy is greater than the Coulombic attraction energy, so the nucleus does not have
enough energy to hold the electron by electrostatic forces of attraction.

Properties of energy for a particle in 1 D box:
We know
n?h?
" 8ma?

i.e. the energy levels increase as n?, and hence their separation increases as the quantum number
increases.

16E n=4

h? -
E=8ma2 9 n=3
4E n=2
E n=1

Q. Calculate and draw energy levels from E; to Eg in eV for an electron in 1 D box of length 12A.
Ans:

We know
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n?h?
8ma?

Given,a=12A0r12 x107%m,m=9.1x 1031 kg

n

Now

5 - n? x (6.63 x 10734 Js)?
" 8x9.1x10"3kg x (12 x 10710 m)?2

=416 x 1072%n?)

_ 416 x107%%n?
~ 16x1071°

=0.26n%eV

eV

So
E, =0.26¢eV,E, =1.04¢eV,E; =234¢eV,E, =4.16eV,Ec = 6.5eV,E; =9.36 eV

10 eV
€ E,=936¢V
Es=6.5eV
E,=416eV
-
o
5
b Ey=234eV
E, = 1.04 eV
. E,=026eV

Separation between adjacent energy levels (AE):
We know
n?h?

8ma?

n

So, the separation between adjacent energy levels with quantum numbers nand n + 1 is
AE = Enyq — En

_ (n+1)%h*  n?h?
~ 8ma? 8ma?

2

h
= Sma? [(n +1)? —n?]

2

h 2 2
=8ma2(n +2n+1-n%)

2
=(2n+1)

8ma?

1 1
i.e.AEoc—2 and —
a m
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AE « % means that smaller the box length or the more tightly a particle is confined, the greater is the

spacing between the allowed energy levels and hence more is the extent of quantization of energy.
Alternatively, as the box is made wider, the separation between energies decreases and the energy levels
get closer together. In the limit of a very large box (macroscopic dimensions), the energy levels are so
close together that the quantization disappears entirely and an energy continuum will be observed.
Atoms and molecules free to move in normal laboratory-sized vessels therefore have non -quantized

translational energy. AE oc% means that the separation between allowed energy levels decreases as

mass of the particle increases. Ultimately, for a macroscopic object, “m” is so large that the energy
levels are too closely spaced to be distinguished from the continuum of levels expected in classical
mechanics. In other words, for heavier particle quantization of energy almost vanishes.

Thus we can say that quantization of energies persists only with spatial confinement involving
microscopic particles.

Q. Calculate the spacing between energy levels for (a) an electron of mass 10-%° kg in a 1D box of length
1 A (b) A ball bearing mass of 1 g in a box of length 10 cm (c) comment on energy spacing in the two
cases.

Ans:
(a)
2
AE = (2 1
(2n + )8ma2
(6.63 x 10734 J5)?
=2n+1) — —
8 X 1073%g x (10~10m)2
=(2n+1)x5445x 10718
(b)
2
AE = (2 1
(2n + )8ma2
6.63 X 10734 Js5)2
=(2n+1) ( Js)

8 X 1073kg x (10~1 m)?
= (2n+1) X 5.445 x 10763 |

(c) In the 2™ case energy spacing is negligible which implies that with increasing particle size and box
length energy spacing decreases i.e. energy quantization almost vanishes.

Q. What is the wavelength of light absorbed when an electron in a linear molecule of 10 A makes a
transition from the energy level n =1 to n = 2?

Ans:
We know
2
AE=(02n+1
(2n )8ma2
2
=2x1+1
( ) 8ma?
_ 3h?
" 8ma?
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B 3 x (6.63 x 10734 Js)?
"~ 8x9.1x1031kg x (10 x 10710 m)?2

=181 x10719)
Now

AE_hc
2

=>1=—
AE

_ 663 x1073* Js x 3 x 10® ms™"

B 1.81 x 1019

=1.09%x10"°%m

[Self -test]: Find the wave length of radiation emitted when a particle of mass 9.0 x 103 kg ina 1 D
box of length 3 A undergoes a transition from n=3 level to ground level.

[Self-test]: (a) For a particle of mass 9.1 x10-! kg in a certain one-dimensional box, then=3ton=2
transition occurs at a frequency 4 x 10 s, Find the length of the box. [Ans: 1.07 nm]

Average or expectation value of observables for a particle in 1 d box:

For a particle in a 1 D box, the expression for normalized wave function is:

2  nnx
Y, = |- Sin —
a a

So the expression for expectation value of a property A will be:

a

(4) = f Y AYdx

(a) Expectation value for position (x):

du
Required intergal: j uvdx = uj vdx — IE(J vdx) dx

*

a
2 . nnx 2 . nnx
(x)=f —Sin — | x |- Sin —dx
a a a a
0

a
2 . nmx . nmx
=—| Sin —x Sin —dx
a a a
0

a
2 _, MTX
=—| xSin“ —dx
a a
0

Let
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nm
h=""
a
So
a
2
(x) = afoin2 bx dx

QIN

chs

Cos 2bx
2

|

2
=—fx(1—C052bx)dx
2a

1

N Q

i.e. (x) =

a
af
0

qa

40

ja

a
1
de—afxCOSbedx
0
a
1 [xSanbx f Sanbx
a
0
“ 1 1[5 2bs — 1( COSbe)]a
a|2p o P Ty 20 /],
11[S'Zb] [ Cos 2bx]§
I, abe in 2bx sz 0s 2bx
“ 1 [ ” Znnx]“ a [C Znnx]a
20 |7 T o 2n?m? 08 0

@ 0 0-0 ? 1-1
(7-0)-0-0-gma-1)

2 implies that the average location of the particle is at the center of the box. Thee particle

2
should spend as much time on one side as on the other, so its average position would be in the middle

of the box.

(b) Expectation value for momentum {(p,.):

'hd 25
ldxa
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a
2 . nmx Mnu nmwx
= —Lh—me —(—) Cos — dx
a a \a a
0

a
ih2nm nmwx nmwx

=—— fSin Cos dx
a a a

o

nmx nmwx
=— fZSin—Cos—dx
a a

a? a
_ ihnm a 2nmx1®
T @ (_ Znn)[ o8 ]0

(p,) = 0 implies that the particle is likely to be moving equally in both + x and —x direction.
Q. Show that for a particle in 1 D box show that the average value of momentum along x - axis is zero.

(c) Expectation value for (p2):

a *
2 nmx d*> |2 nmx

f — Sin — | —h?*— |- Sin —dx
a a dx? |a a

a
202 [ nmx d? ,  nnx
—T SlnTW(Sm—)dx

0

a
2n% nnx( n2n2> . nmx

> Sin — dx
a a a
0

202 [ n2m?\ [ nmx | nmx
=——\—-—— fSln—Sm—dx
a a a a

0

a
2n*hPn® [ nmx
=——=— Sin®— dx
a
0
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(d) Expectation value for total energy (E):

We know for a particlein1 D box: V=0,S0oE=Tie A=T

Now
a *
2  nmx)\ . |2  nnx
(E)=f —Sin— | H |- Sin —dx
a a a a

a *
2 nmx h? d?> |2 nnx
=f - Sin — | ——— |- Sin —dx
a a 2mdx? |a a
0
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n?h? ¢ 2nmx
= f(l—Cos 7 ) dx

S [[x]g - sin 2"”"]:]

nm a
n?h?
~ 8ma3 xa
n2h?
~ 8ma?
2
ie. (E) =(T) = :m’; _
Q. A particle of mass m is moving in a box of length “a”, where potential energy is zero. Calculate the

average kinetic energy of the particle.

Variance (6%) and standard deviation(o):

Variance of a measurement of property say “y” is defined as:
of = (y*) — (y)?

The square root of variance is known as standard deviation:

ie.

(oy)2 = (") - (3/)2)2

Uncertainty Principle from expectation values of 1 D box:

For a particle in 1 D box:
2

) () =550 (@) =

a
nnx

. 2
(i) (x?) ——fx sin de

) (+52)

a2

2m2n?

(@) (px) = 0
And

(iv) (p3) =

4a2
Now, uncertainty in position is simply the standard deviation in position. i.e.
1
Ax = o, = ((x) = (x)?)?
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1

-|( 5|
-G (52
- 2|52

Similarly, uncertainty in momentum is simply the standard deviation in momentum i.e.

1
Ap, = Op, = (<p925> - <px>2)7

nZhZ %
-|(5)
_ nh
" 2a

Now

/N
ﬁl\J
Wiz
N
I
N
N~
Le—
N[ =
/N
N|§
Qs
——

1
h [/m?n? 2
(5-2))

(5]

Since the term within square root is greater than 1, so we can write

h
AxAp, > >

i.e. the product of AxAp, for a particle in a box is in agreement with Heisenberg uncertainty principle
as it is always greater than g

Application of particle in 1 D box model:

(1) Quantum confinement: If the diameter of a molecule is reduced to nano-meter size regime, it
experiences electronic as well as optical properties which considerably differ from the properties of
bulk materials. This effect is known as quantum confinement effects.

We know

2
AE = (2n+1)

8ma?
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If the size of the material is reduced to nano scale regime, then the energy separation (AE) between
adjacent energy levels get increases and hence a material which act as a metallic conductor in its bulk
state now behave like a semi-conductor in its nano scale state.

Quantum dot semi-conductor

(Nano-materials)
\

Bulk metal

"00

Decreasing size

IncreaSIngBandgap .............. >
B =—— = i
3 4 AE
__ v v
VB : '

Moreover, due to the increase in energy spacing as a result of size downscaling, the associated
wavelength of absorption by the material of interest also changes and hence material in its nano scale
regime shows different colour as compared to its bulk counterpart. For e.g. the colour of gold nano
particle is purple instead of golden.

(2) Origin of F-center or colour center:

F-center is an anion vacancy containing a free electron surrounded by several cationic species. The
electron is free to move within the hole but it cannot escae beyond the hole as it has to cross the infinite
potential energy barrier of surrounding cationic Species. So it a classic example of particle in 1 D box
and hence energy of the trapped electron is quantised. Therefore, a series of energy levels are available
for the electron within this box and the energy required to transfer from one level to another falls in the
visible part of the electromagnetic spectrum leading to its colouration.

(3) Free electron model of conjugated polyenes:

In conjugated polyenes, the mobile m electrons are free to move through the entire length of the
molecule via conjugation, but the electrons cannot escape beyond its molecular length. So the =
electrons is said to have a finite potential energy when it is "on" the molecule and an infinite potential
energy when it is "off" the molecule. This model is very much analogous to the particle in a box model
and is known as free electron model.

In molecules, the electronic transition takes place from highest occupied molecular orbital (HOMO) to
lowest unoccupied molecular orbital (LUMO). Now aufbau principle says that the m electrons must be
filled in the = molecular orbitals starting from the lowest energy level and Pauli’s principle says that
each m molecular orbital accommodate at max two electrons. Now if “N” is the number of atoms in
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conjugation or number of total = electrons, then the quantum number corresponding to HOMO will be
% . So the quantum for the LUMO which lies in the next higher energy level will be %+ 1.

Now

5 = |5 +1) ~(3)

2

h
= SmaZ (N+1)

And the expression for the corresponding wave length is:

_hc 8ma’c
T AE  h(N+1)

Q. Treating 7 electrons in butadiene as a particle in 1 D box, calculate the lowest absorption frequency
of the absorbed radiation, given that the length of the butadiene molecule to be 0.56 nm.

Ans:

Butadiene has 4 carbon atoms or 4 7 electrons,
4

So in the ground state, the quantum number for HOMO = 5= 2 and the quantum number for LUMO
_4 _
=-+1=
n
PO B w———
S
& 2 —‘i,;.—HOMO
1 Y
Now
2
AE = N+1
8ma? ( )
(6.63 x 10734 J5)?
= — — “4+1
8%9.1x10731kg x (0.56 x 1079 m)?
=9.63 x 10719
Now
9= AE
h
9.63 x 10719

T 6.63 x 10345
= 1.45x 10" Hz

Q. p-Carotene is a linear polyene in which 10 single and 11 double bonds alternate along a chain of 22
carbon atoms. If each carbon-carbon bond length is taken to be 140 pm, the length of the molecular box
in B-carotene is 2.94 nm. Estimate the wavelength of the light absorbed by this molecule when it
undergoes a transition from its ground state to the next higher excited state
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Ans:
Given

N=22,a=294nmor 294 x10°m

Now

AE =

ma?

2
(N+1)

(6.63 x 10734 Js5)?

= 22+1
8% 9.1 x1073%kg x (2.94 x 1072 m)? ( )

Now

=1.60 x 10719
_ hc
" AE
_ 6.63x107%* Js x3x10%ms™"
a 1.60 x 10-19]
=12.40x 107"m
= 1240 nm

Separation of variables:

If a function is a product of “n” numbers of functions each depending on just one variable, then we can

write:

‘I’(xl,lexg ...xn) = f(x1) X g(xz) X h(x3) ....X z(xp,)

For example, the 2 D wave function ¥ (x, y) can be written as product of two functions each depending

one just one co-ordinate as:

Y(x,y) =X(x)Y ()
where X(x) is a function only of x (that is, independent of y), Y(y) is a function solely of y (that is,

independent of x).

Particle in a two dimensional box:

In the model for a particle in a two-dimensional box, the particle is free to move about in two
independent Cartesian coordinates, x and y having dimensions “a” and “b” respectively. The potential
energy is zero when the particle is in the planar box and infinite elsewhere.
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V(ix,y)=0for0<x<a; 0<y<b
= 0, otherwise
Now the corresponding Schrodinger equation for 2D space is:
HY(x,y) = E¥(x,y)

h? (9% 92
<ﬁ ; a_yz) w(x,y) = E¥(x,y) — —(1)

2m

From separation of variables we have
Y(x,y) =X(x)Y ()
Dropping the parenthetical variables on the functions we can write
Y(x,y) =XY ——(2)
From equation (1) and (2), we have
h? (92 02
_ﬁ<ﬁ +6_yZ>XY = EXY

0% 92 2mE
=> +-— | XY = ———XY
dy

ax2 h2
92 92 2mE

- Yazx +X62Y B 2mEXY
T oxz? dy2 k2

Dividing both sided by XY, we have
10°X 10°Y  2mE
XoZz tvayr T T e

The L.H.S. of the above equation is the summation of two terms and each term is a function of only one
variable. Since, the summation is a constant, so it is possible only if each contributing term in L.H.S. is
also a constant quantity. Now let

10°X  2mE,

Xox? T me
_>162X+2mEx_0 ]
T Xo0x2 ' hz ()
Similarly,
10%Y B ZmEy
Yoy h2
_>1(')2Y_|_2mEy_0 4
"7 Yayr nz @
Clearly,
E=E.+E,
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Equation (3) and (4) has the same form as the Schrddinger equation for the one-dimensional particle-
in-a box. Therefor solutions for these equations can be written as:

2 | n,mx
X(x)= |- Sin
a a

The corresponding energy expressions is:

n2h?
* 8ma?

2 n, T
Y(y)=\ﬁ5m yby

The corresponding energy expressions is:

And

njh?
Ey, = 2
8mb

Since
Y(x,y) = X(x)Y ()

So the expression for complete wave function is:

2 n,mx |2 n,m
Y(x,y) = \E Sin xa \g Sin yb 4
’ 4  nymx | nymy

= % Sin " Sin 5

If the 2 D box is a square, then a = b, in such cases we can write:

N,TX . N,y
Sin -2

2
Y(x,y) = 2 Sin

Again
E=E,+E,

So the expression for total energy is:
nzh?  nih?

Enyny = 8ma? 8mb?

=)

~8m\aZ ' b2

If the 2 D box is a square, then a = b, in such cases we can write:
h2

Enx,ny = 8maz (nJZC + n327)

Q. Derive the expression for the energy and wave function of a particle in a two dimensional box.
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Ground state wave function and ZPE for a particle in 2 D box:
For a particle in 2 D box, the ground state is specified at ny =1, ny=1

So the expression for ground state wave function is

4 mx | my
Y(1,1) = ESln;Sm?

h2 /1 1
E“:%(EJ’ﬁ)

And expression for ZPE:

Particle in a three dimensional box:

y
V:OO
0,b,0
V=00
(a,0,0)
> X
0,0.c
V=00

Z

Consider a particle of mass “m” confined in a box of dimensions a, b, and c in the x, y, and z directions,
respectively. The potential energy inside the box is assumed to be zero and it is infinite outside of the
box.

i.e.
Vix,y,z2) =0for0<x<a; 0<y<h;0<z<c
= o0, otherwise

Now the corresponding Schrodinger equation for 3D space is:

A¥(x,y,z) = E¥(x,y,2)

h? [ 02 02 02
=> 5 (m + a_yz + ﬁ) Y(x,v,z) =E¥(x,y,2z) ——(1)

From separation of variables we have

Y(x,y,z) = X(0)Y(¥)Z(2)
Dropping the parenthetical variables on the functions we can write

Y(x,y,z) =XYZ ——(2)

From equation (1) and (2), we have
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h? (0% 9% 07
ezt XYZ = EXYZ

2m 0z2

9% 9% 9?2 2mE
=> XYZ = ———XYZ

ax? " ay2 " oz2 h?
=> o (XYZ) + o (XY2) + o XYZ) = ZmEXYZ
-7 0x? dy? a7z XY =5
=>YZ o°X +Xzazy +XYaZZ = szXYZ
B dx2 dy?2 dz2  h?

Dividing both sided by XYZ, we have
10%X 10%Y 10%Z 2mE

XoxZ "Yoyr 72T w2

The L.H.S. of the above equation is the summation of three terms and each term is a function of only
one variable. Since, the summation (in R.H.S.) is a constant, so it is possible only if each contributing
termin L.H.S. is also a constant quantity. Now let

102X 2mE,

Xox2 h?
L P,
X 0x? h2
Similarly,
10%Y  2mE,
Y 0Y? h?
=> 107 S —(4)
Y dy? h?
And
10°Z  2mE,
Z 0z2 h2
A0 mE
Z 0z* h?
Clearly,

E=E,+E,+E,

Equation (3), (4) and (5) has the same form as the Schrédinger equation for the one-dimensional
particle-in-a box. Therefor solutions for these equations can be written as:

2 . n,mx
X(x) = |- Sin
a a

The corresponding energy expressions is:

n2h?

8ma?

x =

Similarly
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|2 . nymy
Y(y)—\/;Sm 5

The corresponding energy expressions is:
B nyh?
Y 8mb?

2
Z(z) = f— sin 2
c b

The corresponding energy expressions is:

And

nZh?

8mc?

VA
Since

Y(x,y,z) = X(x)Y(¥)Z(z)

So the expression for complete wave function is:

2 n,nx |2 n,mwy |2 n,m
ll’(x,}’.z)=£5in xa ﬁsm ybyﬁ Sin ch

8 N, TX N, T n,m
= |[— Sin ==5Sin 2 ySin 21ty
abc a b

Again
E=E.+E,+E,
So the expression for total energy is:
nzh? n3h* nZh?

Eninyn, = 8ma? 8mb?2 8mc?
_h? (ng N n; N n2
"~ 8m\a? b2 (2

The ground state with lowest possible energy (ZPE) corresponds to the state with n,=1, n,=1 and n,=1

ZPE for a particle in 3D box:

i.e.

p P h? ( 1 N 1 N 1 )
11107 Lzpg = 8m\a2 ' p2 ' c2
Q. Find the expression for total energy of a particle with mass “m” having co-ordinate (X, y, z) Or A
particle of mass “m” is moving within a box of lengths a, b and c along x, y and z axis respectively. The
potential energy within the box is zero and outside the box it is infinity. Solve the time independent
Schrodinger equation for the particle to get the values of the wave function and the energy.
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Q. Find the lowest kinetic energy of an electron in a 3D box of lengths 0.1x10 ¢m, 1.5 x 10 cm and
2 x 1018 cm assuming potential energy to be zero.

Ans:
Since the potential energy is zero, so the total energy will be equal to the Kinetic energy.
Now for the lowest energy state n,=1, ny=1 and n, =1
So
=g+ 2)
(6.63 x 10734J5)2 1 1 1
- 8 %X 9.1 x 10731kg ((0.1 X 10715m)2 * (1.5 x 10~15m)?2 + (2x10-15 m)z)

= 6.067 x 1078

[Self-test]. Find the lowest energy of a particle of mass 9.0 X 103 kg enclosed in a 3 D box of lengths
1.0 x 10 m, 2.0 x 10 m and 3.0 x 10" m assuming its potential energy to be zero.

State: In quantum mechanics a state is defined by a set of quantum numbers namely ny, ny and n, which
specify an independent wave function. For example, for nx=1, ny=1 and n, =1, the state is defined as

“111” which corresponds to the wave function ¥;,; = \/% Sin %" \E Sin 7% \E Sin %

Symmetry, degenerate state and degree of degeneracy of energy level:

If different states of a system as defined by different wave functions corresponds to same energy level,
then they are said to be degenerate state. The number of states which occupy the same energy level is
called the degree of degeneracy (g) of that energy level. If there is only one state in an energy level then
it is called non-degenerate i.e. g =1, if there are two states corresponding to same energy level, then the
energy level is called twofold (or doubly) degenerate i.e. g=2, if there are three states, it is threefold (or
triply) degenerate i.e. g =3 and so on.

Elaboration with reference to particle in a 3D box:

For a particle in 3-D box, the total energy depends on not only the quantum numbers ny, ny, and n; but
also on the individual dimensions of the box a, b, and c. Now a special case occur for a cubic box where
the sides of the box are equal i.e. a = b = c. In such cases we have

h2

- 2 2 2
Enx,ny'nz = 8ma? (Tlx + ny + nz)

Now for the lowest energy level, only one state is possible as defined by ny=1, ny =1 and n, =1.

v - 8 sin ™ sin ™ sin ™ and E... = 3h?
111 = |3 Sin—Sin —Sin — and Eyyy = o —

For the next higher energy level, we have three possible state viz. nx=2, ny =1, n, =1 or n,=1, ny =2, n,
=1 or ny=1, ny =1, n, =2. The corresponding wavelength and energy expressions are:

w = 8 g 27rxS_ my o W e 6h?
21 = |3 Sin——=Sin —Sin — and Eyyy = g——3

W - 8 cin ™ g 21TyS_ my oE - 6h?
121 = |—5 Sin —Sin —=Sin — and Ey1y = 5 —
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8  mx _ my 2my 6h?
'1U112 = E Sin 7517’1 ;Sm T and E112 = W
Although the states 211, 121 and 112 represents different wave functions they correspond to the same
2
energy level namely ;:ar So the states 211, 121 and 112 are said to be degenerate and degree of

degeneracy is three (g = 3).

This types of detergency occur only when the general rectangular box (a # b # ¢) becomes a cube
(a = b = c¢) and degeneracy is lifted when symmetry is destroyed by making sides of the box different.
So this might be considered degeneracy by symmetry. So in general we expect degeneracies to be
present in systems that have some element of symmetry and hence have high degree of symmetry. So
for a particle in a 3 D box the degeneracy can be lowered or lifted by simply lowering the symmetry
i.e. by making distortion to the system via chanting the edges of the box.

& 122 212 221 &3
2
w g:3
211 121 112
g=1
111

Fig: Energies of the lowest few states of a particle in a cubic box along with the corresponding degree
of degeneracies.

Q. Use the results of particle in a 3 D box to explain degeneracy.
Q. What do you mean degree of degeneracy? How degeneracy of a system can be lowered?
Accidental degeneracy:

Sometimes degeneracy is encountered where energy levels are not apparently related by symmetry.
This is the case when all the dimensions are not equivalent but one of the dimensions is an integral
multiple of other (such as a =2b). Degeneracy of this kind is known as accidental degeneracy. For
example, 22 and 41 states of a particle in 2 D box where a=2b are accidently degenerate:

w(22) = 4 o mx Py R 22+22__5M

)= gz P gy M Ty MR T g\ (202 T b2) T Bmb?

wa1) = 4 g Amx sin™ and E _hr [ 4 +12 _ 5h?
= ap2 M g P Ty B T g\ 22 T b2 ) T 8mb?

2

i.e. although the state 22 and 41 are symmetrically not equivalent, they possess the same energy of %
So the state 22 and 44 are accidently degenerate.

Similarly, for a cubical box, although the states 333 and 511 have no common quantum numbers in
their corresponding wave functions, but their energy values are exactly the same.

o 27h?
E333 = _8ma2 (3 + 3 + 3 ) = 8ma2
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h? 27h?
(52 +12+12) =

E333 =

8ma? 8ma?

So the states 333 and 511 are said to be accidentally degenerate.
Q. For a particle in a 3D box with L, = L,, = Lz, what would be the energy when n.=1, ny=2 and n,=2
2

and when ny=1, ny=1 and n,= 4.

Ans:
We know
h? (nZ ni nZ
Enatyn, = gm\@ T2t 2
So
£ - h? 1 N 22 N 22
3 &)
_h? (4 N 16 N 4
_8m LZZ LZZ (LZ)Z
B 3h?
- mlL,
And
E _ h? 1 4 1 4 42
RO IO
2 2
_ h? [ 4 4 4 4 16
_8m LZZ LZZ (LZ)2
B 3h?
_mLZ

i.e. E;5, = E;14, S0 the given states are accidently degenerate.

. . . 9 h? 12h2 14 h? 17h?
Q. Find the degree of degeneracy of the following energy levels:(a) pv— ) po— (©) — (d) pw—
Ans:
(a)
9 h?
"xMyn: ~ 8ma?
h? 9 h?
— 2 2 2Y) —
=> (n2+ni+n2)= -,
=>ni+nj+n;=9
Now

2242241%2=9
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9 h?
8ma? '

So the possible degenerate states are 221, 212, 122. i.e. g =3 for the energy level

(b)

_12h?
Melynz — 8ma?
h? 12 h?
— 2 2 2Y) —
=> (n2+ni+n2)= "
=>nZ+n+n; =12
Now
22+22422=12
2
So the only possible state is 222. i.e. g =1 for the energy level %’;2 :
(c)
14 h?
xMyns ~ 8maZ
h? 14 h?
— 2 2 2Y) —
=> (nZ2+nZ+n2)= SmaZ
=>nZ+nj+n;=14
Now

32+22+1% =14

14 h?
8ma?

So the possible degenerate states are 321, 231, 213,123, 132 and 312 i.e. g =6 for the energy level
(d)

17 h?
Enenyn, = 8ma?
h? 17 h?
— 2 2 2\ —
=> e (nZ2+ni+n2)= "

=>nf+nj+n;=17
Now
324+22+22=17

17 h?
8ma? '

So the possible degenerate states are 322, 232 and 223. i.e. g =3 for the energy level

Q. Far a particle in a cubic box of edge length “a”

16h?
8ma?

(a) How many states have energies in the range 0 to

(b) How many energy level lies in this range?

(c) Draw the energy level diagram indicating the degenerate states and the corresponding degree of
degeneracy.

Ans:
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(a)
Quantum number Possible states Degeneracy (g) Energy level

1,1,1(G.S) 111 1 3 h?
8ma?

2,1, 1(1E.S) 211,121,112 3 6 h?
8ma?

2,2,1(2E.S)) 221,212,122 3 9 h?
8ma?

2,2,2 222 1 12 h?
8ma?

3,1,1 311,113,131 3 11 h?
8ma?

32,1 123, 132, 213, 231, 6 14 h?
321, 312 8ma2

2
i.e. the total number of states in the energy range 0 to 176nh

Sz 1517

a

(b) Number of energy levels that lies within the given energy range is 6

(c)
123 132 213 231 312 321 E= 14h?
g=6 ~ 8ma?
222 _12h?
g=1 E= P
311 131 113 _ 11R?
g=3 E= 8ma?
3 221 212 122 9n?
> = -
o g E 8ma?
9]
c
w
211 121 12 _ en
g=3 ~ 8ma?
111 E— 3h?
g=1 ~ 8ma?

Q. Let a cube of edge length 1.2 nm within which potential energy is zero contain 10 electrons.
Considering ground state, explain with diagram how these electrons occupy different states. Calculate
the AE for the 1% excited state of this system

Ans:
The energy expression for cubical box is:
hZ

E= — (n2 +nZ +n2)

B (6.63 x 10734/5)?
"~ 8%9.1x103%%g x (1.2 X 10~m)?

(n2 +n +n2)
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= (n2+nj +n2) x4.1834 x 1072)

The energy levels and distribution of electrons are as shown below:

Quantum numbers Energy (J) Electron distribution
Ny n, n,
3 1 1 (11) x 4.1834 x 10729 D
AE
1 2 2
2 1 2 = (9) x 4.1834 x 1072 I:I
2 2 1_
1 1 2
1 2 R (6) x 4.1834 x 10720 @
2 1 1
111 (3) x 4.1834 x 10°2] ry

The electrons are distributed following:
(a) aufbau principle according to which the lowest energy levels are filled first.

(b) Pauli’s exclusion principle which states that each energy level can accommodate maximum of 2
electrons

(¢) Hund’s rule which states that energy levels are singly filled before pairing

Now the 1% excited state is obtained when the electron in the triply degenerate level of energy (9) x
4.1834 x 10729] is promoted to the non-degenerate level of energy(11) x 4.1834 x 10729J.

So
AE = (11) x 4.1834 x 10727 — (9) x 4.1834 x 10729
=2 X 4.1834 x 1072%] 0r 8.366 x 10720

Q. Calculate the ground state energy of electron in (i) 1D box length 3 x 102 m and (ii) a cubical box
of edge length 102 m in eV. Comment on feasibility of using this cubical box model for an electron in
a H-atom.

Ans:
(@) For a particle in 1 D box, in ground state
h2
~ 8ma?

B (6.63 x 10734]5)?
"~ 8x%9.1x1031kg x (3 x 1010m)?2

=0.0671 x 10717

=4.19 eV
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(b) For a particle in 3 D box, in ground state

h2
— 2 2 2
E=o3 (nZ +n2 +n2)

(6.63 x 10734]s)?

- 1+1+1
8x9.1x 107 31kg x (1 x 10~10pm)?2 d+1+1)

=181 x10717J
=112eV

But the experimental ground state energy for H-atom is 13.6 eV. So this cubical model cannot be used
for an electron in a H-atom

Q. For a particle in a 3 D box of dimensions a = b # ¢, find the energies of the particle with quantum
numbers 1and 2 and hence indicate the degeneracies of the levels.

Ans:
With quantum number 1and 2, the possible states are 112,121,211,221 212 and 122

Now

h? 1_{_14_22 _h2(1+2
27 gm\a2 " a2 2] am\aZ ' 2
_h2 1+22+1 _h2(5+1>
217 gm\a2 " a2 ' c2) 8m\a? ' 2
_h2 22+1+1 _h2<5+1)
2117 gm\az2 " a2 2] 8m\a? 2
_h2 22 22 1 _h2<8+1)
221 " gm\a? " a2 2] 8m\a? 2
g h? 22+1+22 _h2<5+4)
212 7 gm\a? a2 2] 8m\a?  ¢2

‘ k(1 +22+22 _h2(5 +4>
1227 8m\a? a2 ¢2) 8m\a? ' (2
Clearly, 112 and 221 states are non-degenerate, 121 and 211 states are doubly degenerate and 212 and
122 states are doubly degenerate.

Quantum mechanical tunnelling:

Tunnelling is a quantum mechanical phenomenon which denotes the penetration of a particle into a
classically forbidden region or the passage of a particle through a potential energy barrier that is higher
in energy than the particle’s kinetic energy.

In particle in a 1 D box model, the particle is trapped within infinite potential energy barrier on both
sides of the box to ensure that it cannot penetrate through the box. However, a new quantum-mechanical
feature appears when the potential walls surrounding the particle were not infinitely high rather slightly
higher than the kinetic energy possess by the particle. Let’s consider a particle with kinetic energy “E”
is approaching a potential barrier of “V” such that E < V. Classical physics predicts that such a particle
with not have enough energy (E < V) cannot surmount the barrier and will not be able to reach to the
other side, instead it will be reflected back by the barrier. However, quantum mechanics predicts wave
character of particle which have probabilistic interpretation with the consequence that there is a finite
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probability that the particle will penetrate through the potential energy barrier and appear to the other
side even though E < V. This is the so called tunnelling phenomena.

(@) (b)
Potential Potential
barrier barrier

—

Eﬁ(

N / N

yd
AN S N / \ d ~ ~ ~ ~ \u - v

Fig: (a) Classically the particle with E <V will be reflected by the barrier and hence cannot make its
journey to the other side (b) Quantum mechanically such a particle is tunnelled through the barrier and
make it journey to the other side of the barrier.

A particle arriving from the left of the barrier (region I) has an oscillating wave function but inside the
barrier (region I1) the wave function decays exponentially rather than oscillates. Provided the barrier is
not too wide the wave function emerges to the right, but with reduced amplitude; it then continues to
oscillate once it is back in a region (region Ill) where it has zero potential energy. The probability of
finding the particle is proportional to the square of the amplitude function. Since after tunnelling, the
amplitude of the transmitted wave decreases, so transmission probability is very low. However,
guantum tunnelling does not violate the law of energy conservation. The particle does not gain or lose
energy while tunnelling. Instead, it appears on the other side of the barrier with the same energy it had
before and hence it persist the same de Broglie wave length to that of incident wave.

Potential

barrier .
A Vv Penetrating wave

" (decaying)
y)

P E—

Incidentwave « |
(Oscillating) ]

Reflected wave

Oscillatin
( g) Transmitted wave

(Oscillating)
Region | Region I Region Il

0 w
Fig: Schematic diagram showing tunnelling through a finite potential barrier. The particle is moving
from left to right. Most of the incident wave of the particle is reflected back. A small part of the wave
penetrates the barrier, emerging on the other side with diminished amplitude but with the same de
Broglie wavelength and hence with the same energy to that of incident wave.
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Solving Schrodinger equation for evaluating transmission probability:

In treating the barrier penetration problem, we encountered three regions in which the particle may
exist. Our task is to determine the wave function for the particle in each region:

(1) On the left of the barrier (region 1), i.e. for the particle moving toward the barrier, it can be described
by a wave equation similar to that presented for the particle in a box with VV =0, So

) . 2mE
Y, = Ae™™ + Be=** where k = B

¥, consist of two terms, the 1% term (Ae'™**) is for the incident wave moving towards right and the 2™
term (Be‘“‘x) is for the reflected wave travelling to the left. A and B are the amplitudes of the incident
and reflected waves, respectively.

Now reflection co-efficient/probability (R) which is the fraction of total wave reflected by the barrier is
defined as the ratio of reflection probability to that of incident probability.

2
_ |lpref| _ |B|2
[Pincl?  1A[?

(2) For the region (region II) representing the potential barrier (0 < x < W), where the potential energy
is constant “V” the expression for Schrodinger is:

Provided E <V, the above expression can be algebraically rearranged as:
2m(V —E) w dzy
h? ~ dx?
The general solution for the above 2™ order differential equation is:
J2mV —E)
h

There are two terms in ¥};, the 1% term for the wave that penetrates through the barrier from the left to
right and the 2" term for the wave that partially reflected by the right end of the barrier. Moreover, the
exponentials term in ¥}, have real exponents, instead of imaginary component. So unlike the oscillating
nature of the function in region I, the wave function in region Il is decaying in nature.

Y, = Ce/* + De ™ /*,where j =

(3) To the right of the barrier (x > w) i.e. in region Ill, where V = 0 again, the wave function has the
expression:

Wy = Fel*™

Since in region I11 there is no reflection, so ¥,,; the transmitted wave consist of just one term only. Here
F is the amplitude of the transmitted wave

Now the transmission co-efficient or transmission probability or tunnelling probability is defined as
ratio between transition probability to incident probability, i.e.

_ |Perans® _ IFI?
Pincl? A2

T

An acceptable wave function must be continuous at the edges of the barrier, so at the boundaries i.e. at
x =0 and x = w, both y and % must be continuous i.e. the wave functions in adjacent regions must
join smoothly.
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Soatx=0
Y =¥y
=> Ae** + Be~k* = Cek* 4 pe~k*
=> Ae® + Be® = Ce® + De® [ putting x = 0]
=>A+B=C+D——(1)
Again
dv, dwy,
dx dx
=> i (Aeikx + Be‘ikx) = i(Cejx + De_jx)
dx dx
=> ikAe™* — ikBe X = jCe/* — jDe™I*
=> ikAe® — ikBe™® = jCe® — jDe°[ putting x = 0]
=> ikA — ikB = jC — jD — —(2)
Atx=w
Y =%
=> Cel* + De~** = Felkx
=> CeM + De ™ = Fe™[ putting x = w] — —(3)
And
a¥y, _ a¥i
dx dx

d . . d .
=>_(Ce/* + De J*) = — (Fetkx
dx( e’ + De ) dx( e )
=> jCe/* — jDe™J* = kFek*
=> jCe/V — jDe ™V = ikFe™ ™[ putting x = 0] — —(4)

Solving the equation (1), (2), (3) and (4) with tedious algebraic manipulation and further simplification
we have

L

e

=11+ (™ —e= ™))
h 16e(1—¢)

E
Where € = =
\%4

Properties of transmission probability (T):
(1) Summation of transmission and reflection probability is equal to unity i.e. T+ R =1

(2) T=0when E < V i.e. there is negligible tunnelling when the energy of the particle is much lower
than the height of the barrier.
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(3) T increases when energy of the particle (E) approaches to the potential energy barrier (V). i.e. the
probability of tunnelling increases as the energy of the particle rises to match the height of the barrier.

(4) T approaches, but still less than 1 for E > V. ie. there is still a probability of the particle being
reflected by the barrier even when it should classically pass over the barrier.

(5) T = 1 for some energies, so the wave function in this case if fully transmitted. This is the so called
resonance transmission and occur due to wave functions interference where the reflected waves are
fully suppressed. In terms of classical concept this happen when E >> V.

(6) If the width of the potential energy barrier is very high such that jw >>1, then the expression for
tunnelling probability become:

T =16g(1 —g)e 2V
_ 16E(V —E) o-2jw J2m(V —E)
V2 h
i.e. tunnelling probability decreases with increase in barrier width (w), barrier height (V) and mass of

,Where j =

1
the particle (j x mE). So tunnelling is very important for subatomic particles only.

Heavy particle

Light particle

0 w
(7) If the potential energy barrier is low such that E is slightly smaller than V and if the width of the
(w) is wide, then the expression for tunnelling probability become:

T ~ e 2/W
Q. What is the energy of a particle that sufficiently tunnelled through a potential energy barrier:
(a) Less than the initial energy (b) Greater than the initial energy (c) Equal to the initial energy

Q. An electron with a total energy of 6 eV approaches a potential energy barrier of height 12 eV, if the
width of the barrier is 0.18 nm, find the tunnelling probability? What is the probability of reflection for
the same electron?

Ans:
Given

E=6eV,V=12eVandw=0.18 nm

We know
T =16&(1 — g)e 2V
_16E(V —E) 2w
V2
And
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j= J2Zm(V=E)

h

_ 2n,/Zm(V—E)

h

J2X9.1 % 10-3%kg (12 — 6) X 1.6 X 10-19]

=2x3.14
6.63 x 10-34/s

=12.6 nm™ !

* Value of exponential terms is dimensionless, since “w” has the dimension of nm, so to make e 2w
dimensionless *j” has to be dimension of nm™1.

Now
16E(V — E )
- (VZ ) 2w
16 xX6eV x (12 —6)eV
= X
(12 eV)?2
=0.44 0or 44 %

e—2><12.6nm‘1><0.18 nm

Now
R=1-T
=1-044
= 0.56 or 56%
Applications of the concept quantum tunneling:

(1) Nuclear fusion: One of the most vital applications of quantum tunnelling is in nuclear fusion, the
process that powers the sun. For fusion to occur, atomic nuclei must come very close together to produce
effective combination, however the columbic repulsion barrier induced by the positive nuclei of the
combining atoms makes this approach impossible. Nevertheless, quantum mechanics put no restriction
on this approach as the wave function of the corresponding nuclei can penetrate through this potential
energy barrier via tunnelling. Though this probability is still low, the extremely large number of nuclei
in the core of a star is sufficient to sustain a steady fusion reaction.

(2) Ammonia inversion or umbrella inversion: A molecule of ammonia NH; typically exists in
triangular pyramidal shape where the three H atoms formed the base, and the N atom the apex of the
pyramid and hence it looks like an umbrella. There is also an equivalent mirror image configuration
possible for NHswhich is obtained via inverting the molecule. When we compare both the conformation
it seems like a strong wind blows an umbrella inside out and hence the process in known as umbrella
inversion.

Intermediate
With high energy

H\ H\Q / ~
H——N<t ) = R
H/ </ H/N ) \

H

Umbrella inversion
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Although the left-hand and right hand molecules are obviously equivalent and so have equal energy,
the intermediate structure has higher energy. In fact, this intermediate stands for 25 kJmol* columbic
barrier which is 10 times greater than thermal energy at room temperature and therefore the inversion
of NHjs is hindered from classical view point. However, the occurrence of quantum tunnelling make it
possible for the molecule to adopt the inverted configuration even at room temperature although its
thermal motion is less energetic than the potential energy barrier.

(3) a particle decay: a decay is a process wherein a nucleus spontanecously decays by emitting an o
(He?") particle.

The a particle being at the center of the nucleus is surrounded by other positively charged protons and
therefore behaves like a particle trapped in a box where the potential barriers are the result of
electrostatic repulsion due to other positively charged protons present. This potential barrier has a height
in the order of 250 MeV, whereas the a possess kinetic energy in the order of 2-9 MeV. Since the
kinetic energy of the a particle is smaller than the columbic potential energy and hence classically there
is no chance for the particle to decay from the nucleus. Gamow suggested that the a particle, being a
guantum mechanical object, has wavelike properties that enable it to penetrate the high potential barrier
through quantum tunnelling.

(4) Scanning tunnelling microscope (STM): Principle of operation of STM is based on the quantum
mechanical tunnelling, in which the wavelike properties of electrons permit them to “tunnel” beyond
the surface of a solid into regions of space that are forbidden to them under the rules of classical physics.

A probe with a sharp tip which provides tunnelling electrons is allowed to move across the surface of a
solid under examination. A small voltage is applied between the probe tip and the surface, causing
electrons to tunnel across the gap. Now probability of finding such tunnelling electrons decreases
exponentially as the distance of the tip from the surface increases. The STM makes use of this extreme
sensitivity to distance. As the probe is scanned over the surface, it registers variations in the amount of
tunnelling electron which is measured as a current (since current is the flow of electrons. This
information can be processed to provide a topographical image of the surface

(]
Q0
©
o

Tunneling
electrons N

Sample

Postulate 5: It describe how the wave function of a system varies with time

Time dependent Schrodinger equation hold good only for stationary states whose probability
distributions don’t vary over time. So to describe the evolution of a quantum mechanical system with
time, it is necessary to use the time-dependent Schrodinger equation which can be expressed as:

d¥(x,t)
dt
Assuming the separability of time and position, the time dependent wave function can be written as:

H¥(x,t) = ih

iEt
Y(x,t)=¥(x)e h

Where E is the total energy of the system

Now
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Probability density = ¥ (x, t)¥*(x, t)
_IEt _iEty”
=|¥(x)e h”’l’(x)e h]
_IEt iEt
=|¥(x)e h ][ Y*(x)eh ]]

=¥(x)¥P*(x)

Thus for a conservative system where time can be separated from position probability density is
independent of time and hence ¥ (x) alone are called stationary state.
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