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Algebraic Number: The number o € C is said to be algebraic if it satisfies a polynomial equation

X"+ a; X" + - - - + a, with rational coefficients a; € Q.

We denote the set of algebraic numbers by Q .

Examples:

1. o= 2 is algebraic, since it satisfies the equation x* — 2 = 0. \%

2. a=2y2 + 1 is algebraic, since it satisfies the equation (x — 1@
ie x*-3x"+3x-3=0.

Monic Polynomial: A polynomial f(x) € k[x] is said to%ﬂmﬁi’c if its leading coefficient is 1.
f)=x"+ax""' +- .- +a,
is a monic polynomial, as the coefficien e highest power (leading coefficient) termis 1.

Theorem: An algebraic number a € Q a unique monic polynomial m(x) € Q[x] of minimal
degree; and if f(x) € Q[x] then f(a) = gyn(x) | (X).
Proof : If o satisfies two monic& ials my(X), My(x) of the same degree, then it satisfies the
polynomial my(x) — m,(X) degree.
If f(a) = 0, divide f(x) by m%) say f(x) = m(x)q(x) + r(x), where deg r(x) < deg m(x).
Then r(a) = f(a) — m(a)q(a) = 0, contradicting the minimality of m(x) unless r(x) =0,

ie m(x) | f(x).
Algebraic Integer : The number a € C is said to be an algebraic integer if it satisfies a polynomial
equation X" + a;x "' + - - - + a, with integer coefficients a; € Z. We denote the set of algebraic
integers by Z .
Note: In algebraic number theory, an algebraic integer is often just called an integer, while the
ordinary integers (the elements of Z) are called rational integers.
Examples:
1. a=3V2+1€ Z, since o satisfies (x—1)?=18,

ie X" —2x—17=0.
2.0=V2+V3e Z_,sinceasatisﬁes(x—\/3)2=20rX2—2X\/3+3:2,

ie x? = 2\3x + 1 =0.
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ie x*—10x*+1=0.

Some Important Results:

1.Zc Z

2.Z NQ=2

3.Ifa e (j then na € Z for some non-zeron € Z.

4. Z isasubring of C.

5. The number o € C is an algebraic integer if and only if the Abelian group B =<1, 0, ¢*,...>c C
is finitely-generated.

6. The number a € C is an algebraic integer if and only if there exists a finitely-generated (but non-
zero) Abelian group B < C such that oB c B.

Algebraic Integers of degree m: If a € C is a root of a monic integral polynomial of degree m but a
is not a root of a polynomial of degree less than m, then a is called an a1c integer of degree m.
Example : If o = \ =3, then a is a root of the polynomial x* + 3 bu @es not satisfy a linear
polynomial in x. Thus, o =\ =3 is an algebraic integer of degr 6

Algebraic Number of degree m: If o € C is a root of an j polynomial of degree m but a is not
a root of a polynomial of degree less than m, then os cggl an algebraic number of degree m.

Note that, every algebraic integer is an algebrai but the converse is not true.

Example : If a = V(—3/2) , then a is a root 0 lynomial 2x* + 3 but a does not satisfy a linear
polynomial in x. Thus, a = V(-3/2) is a @ﬂ

Algebraic Number Field: If a € ‘R; algebraic number of degree m, then the field Q(a) is called

ic number of degree 2.
an algebraic number field of de ver Q.
Note 1. Here a is a root o ral polynomial of degree m but not less than m.
Note 2. Q(a) can be considered as a vector space over Q and so dimension of Q(a) over Q is m, that
is, [Q(a) : Q] =m
Note 3. Q is the smallest algebraic number field as it is of degree 1 over itself.
Example 3: Let us consider the field Q( ¥ —3). Since o= ¥ —3 € C is a root of the polynomial x* + 3
but a is not a root of any linear polynomial in x. So, o = V-3 is an algebraic number of degree 2. Thus,
Q( \-3) is an algebraic number field of degree 2 over Q.
Algebraic Extension of a field: Let E be an extension of a field F. An element a € E is said to be
algebraic over F if 3 a polynomial f(x)(# 0) € F[x] such that f(a) = 0. An extension E of F is called an
algebraic extension if every element of E is algebraic over F. Note that, an algebraic number is a
complex number which is algebraic over Q.

A number field F is a finite field extension of Q. The dimension of F as a Q-vector space is
called the degree of F. It is denoted by [F : Q].
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Examples of number fields are Q, Q(i), Q(*V4 ), Q(*V3, 7) and Q(N 2, V[1 + V 2)] of
degrees 1, 2, 4, 6 and 4 respectively. The following theorem says that every number field can be
generated by one element only. This element is by no means unique
Minimal Polynomial: If a is algebraic over F, then 3 a polynomial f(x)(# 0) € F[x] such that f(a)) = 0.
We may assume f(x) has minimal degree. Then f(x) has to be irreducible, otherwise a would be a root
of a polynomial of lower degree. Since F is a field we may assume f(x) is monic by dividing out by
the leading co-efficient. The polynomial thus chosen is called the minimal polynomial of a over F and
it is denoted by m, x (). Thus, m, (x) is monic and irreducible polynomial over F with lowest degree
satisfied by a.
Eisenstein’s Irreducibility Criterion: Let f(x) = a, + a;x + a,x° + ... + a,x" € Z[x] be a polynomial.
If 3 aprime psuchthatp|a Vi=0, 1,2, ..,n— 1 butp - &, and p® - a, then f(x) is irreducible over Q.
Example: Let us consider the polynomial f(x) = x* + 6x* — 3x + 3 € Z[x].
Then 3 | 3, 3 | -3, 3 | 6 but 3 does not divide 1 and 3 does not divide 3.
Thus, f(x) is irreducible over Q.

Theorem : Let F be an algebraic number field. If a is algebraj F, then it has a unique minimal

Note: f(x) is irreducible < f(x + a) is irreducible where a € Z; Q')Q

polynomial m,r (x) over F( called the minimal polynomi over F).

Proof : Let us assume that a is algebraic over F. So, -zero polynomial f(x) € F[x] such that

f(a) = 0. Let t(x) € F[x] be the non-zero polyno smallest degree over F such that t(a) = 0.
Let t(x) = ap + aX + X + ... + anx™ € F[x].

If t(x) is not monic then we put p(x) = Y=an a0+ aX +axX + ...+ anx™)

4% = by + bix + bpx? + ... + X" € F[x].

Now, deg p(x) =deg t(x) and p \

= p(x) is a monic polynoest degree such that p(a) = 0.

Now, p(x) is obviously irreducible, for otherwise, we will get a polynomial h(x) of lower degree such
that h(a) = 0.

Uniqueness Let q(x) € F[x] be a monic irreducible polynomial such that q(a) = 0.

Since F is a field, so F[x] is an Euclidean domain.

Therefore, 3 unique h(x), r(x) € F[x] such that q(x) = p(x)h(x) + r(x) where either deg r(x) < deg p(x)
or r(x) = 0.

Now, r(a) =0

If deg r(x) < deg p(x) then it contradicts the fact that p(x) is a polynomial of lowest degree satisfying
p(a) =0.

=1(x)=0.

Thus, q(x) = p(x)h(x).

As q(x) is irreducible, we have h(x) is a constant polynomial over F, say, h(x) =a € F.

= q(x) = ap(x).



PAGE -4
Again, as g(x) is monic, we have a = 1. Thus, q(x) = p(x). This shows the uniqueness.
Theorem : Let F be an algebraic number field. If a is a root of an irreducible monic polynomial f(x) €
F[x], then f(x) is its minimal polynomial over F. Moreover, every polynomial in F[x] for which a is a
root is divisible by m,r (X).
Proof.: Let us assume that a is a root of an irreducible monic polynomial f(x) over F.
To show that f(x) is the minimal polynomial of a over F.
If f(x) is not the minimal polynomial, then 3 a polynomial g(x) over F of lowest degree
such that g(a) = 0.
Now, 3 unique polynomials h(x) and r(x) over F such that f(x) = h(x)g(x) + r(x)
where either deg r(x) < deg p(x) or r(x) = 0.
Since f(a) = 0 and g(a)) = 0, so r(a) = 0.
If deg r(x) < deg p(x), then it contradicts the minimality of g(x). So r(x)=0.
Thus, f(x) = h(x)g(x)
As f(x) is irreducible, we have h(x) is a constant polynomial over F, sa)f\‘%) =ceF.
= f(x) = cg(x). @Q
Again, as f(x) is monic, we have ¢ = 1. 5
Thus, f(X) = g(x). ‘@'
Hence, f(x) is the minimal polynomial of a over F. %
Moreover, if k(x) is another polynomial over cinthat k(o) = 0, then we will show that k(x) is

divisible by the minimal polynomial.

Let m,r (X) be the minimal polynomial@ver F.

Then 3 unique polynomials h; an%l(x over F such that k(x) = hy(X)m,r (X)+r1(X)

where either deg ry(X) < deg m:&)r 1(x)=0.

Since k(o) = 0 and m ¢ (as ri(a) =0.

If deg ri(x) < deg m,r (X), then it contradicts the minimality of m,r (X).

S0, r(x) =0.

= K(X) = hy(X)mgr (X).

= M (X) | K(X).

Theorem: An irreducible polynomial over an algebraic number field has no repeated root in C.
Proof: Let F be an algebraic number field and let f be an irreducible polynomial over F. If possible we
consider f as f(x) = a(x — &)’ g(x) where a € C, a € F and g(x) € F[x].

Then f(a) =0

= M (¥) | f(x)

= f(X) = bm,r (X) (since f is irreducible).

Thus, degf(x) =degm,r (X).

Now, f/(x) = 2a(x — o)g(x) + a(x — a)* g'(X)

=>fla)=0 =>mu(X)|F(x) = f(x)|f'(x)and deg m, (x)
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Embedding and Point-wise fixing
Let F is a number field. Then an embedding © : F — C be a ring monomorphism. If L < F be an
extension of Q and © : F — C is an embedding such that ©(l) = | for all | € L, then © fixes L
pointwise.
In this case © is called an L — isomorphism.
Note: If F is an algebraic number field and © : F — C is an embedding then © (q) = g for all g € Q.
That is © fixes Q point wise .
Theorem: (The number of Embeddings of number fields)
If F = Q(o) is an algebraic number field of degree d over Q, then there exists exactly d embeddings ©;
forj=1,2,...... ,dof FinC.
Furthermore, all of the conjugates of o over Q are the ©j(a) = o with o, = a, and these are precisely
the roots of the minimal polynomial m,,q« of a over Q.
Proof: Let © : F — C be an embedding such that ©(a) = p.

Let  Muo(X)= o+ Gux + gox>+......+x" € [x]. \%
Then wo(0) = Co + qr00 + Qo +....... +o’ =0 ...... €))
Now since © is an embedding so we have ©(0) = 0. 5
Now, since © is an embedding so we have 6(0) = 0. ‘@'

= 0=06(0) = O(qo + qua + Qo*+...... +a) %

2 0=Qo+ O (0)+qO (@)t.....+ O

=

O qo + qlB + qzﬁ +...... +Bd

= PB=uqj forsome j, where 1 <]
where al (a), 02, a3, ....... ] ake tlve roots of m,,q(X).
Thus there are at most d emded&@ FinC.
Next, let ©;: F — C be de

O(f(a)) = f(oy), j = ., d where f(x) € F[X].

Now, let f(a) = g(a) for
8 NUMBER FIELDS
Definition. A number field F is a finite field extension of Q. The dimension of F as a Q-vector space

is called the degree of F. It is denoted by [F : Q].

For example

Q Q(), Q(¥V2),Q(¥/3,V7) and Q(v2, |1 + V2)
Are number fields of degrees 1, 2, 4, 6 and 4 respectively. The following theorem says that every
number field can be generated by one element only. This element is by no means unique.
So an algebraic number field (or just number field) is a subfield K < C which is of finite

dimension as a vector space over Q.
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This dimension is called the degree of the number field: deg K = dim [K:Q] = dimg K.
Proposition: If K is a number field then each a €K is an algebraic number of degree < deg K.
Proof: Consider the d + 1 elements 1, o, . . ., o’ . where d = deg K.
These elements must be linearly dependent over Q, say ap + aja. + * - - + aqod = 0, with a; € Q. Thus a

satisfies an equation of degree <d over Q.
It follows that any number field K is sandwiched between Q and Q :QcKcQ.

Proposition: Suppose a is an algebraic number of degree d. Then the elements = f(a),
where f(x) € Q[x], form a number field K of degree d, with basis 1, a, ..., a*".
Proof . It is clear that K is closed under addition and multiplication.

To see that it is closed under inversion, suppose p € K,  # 0.

Consider the map 0 :y — Py : k — k.

This is a linear map over Q.

Moreover it is injective since 8(y) =0 = By=0=y=0.

But a linear transformation ¢ : V — V of a finite-dimensional vector &ﬁ:?/ is surjective if and only

if it is injective. %8

Thus 6 : k — k is surjective; and in particular fy = 1 for so%§, iepf—-1€K.
Suppose B = f(a), where f(x) € Q[x]. Divide f(x) by the ghifdnal polynomial m(x) of a,
say f(x) = m(x)q(x) + r(x), where deg r(x) < d = ).

Then B = f(a) = r(a)

ThusB=co+C1a+~--+cd,1a‘H. &
s&

Hence the d elements 1, a, . . ., o*!
and they are linearly independe otherwise a would satisfy an equation of degree < d.
So these elements form a hasi &and consequently degk=d. m

It is evident that tmhe smallest number field containing o, since such a field must contain
all numbers of the form f(a).

Definition : We say that the field K is generated by o, and denote it by Q(a).

A number field of the form K = Q(a) is sometimes said to be simple, although the Theorem
below makes this definition somewhat superfluous. But first we note that the notion of extending Q to
the number field Q(a) applies equally with any number field k in place of Q
Proposition: Suppose K is a number field of degree d; and suppose p € 6 . Then f satisfies an
equation m(x) € K[x] of minimal degree e, and the numbers y = f(f), with f(x) € K[x], form a number
field K of degree deg K = de.

Lemma: Suppose K = Q(a). Then the de elements a;f; (0 <i<d, 0 <j <e) form a basis for K over Q.
Proof : Each element y € K is uniquely expressible in the form y = ag + oy + - - - + 0g-1fe-1 ,

with o; € K= Q(a).

But each a; is uniquely expressible as a polynomial fi(a), where fi(X) € Q[X] is of degree < d.

It follows that vy is uniquely expressible as a linear combination of the de elements 0;f;.
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Corollary: If L € K is a subfield of the number field K, then L is a number field, and deg L | deg K.
Theorem. (Theorem of the primitive element.) Let F be a finite extension of Q. Then there exists o €
F such that F = Q(a).
Proof. It suffices to consider the case where F = Q(a, ). The general case follows by induction. We
must show that there is an element 6 € F such that Q(a, B) = Q(8). We will take for 0 a suitable linear
combination of a and B: let f(T) = f,a;,,(T) the minimum polynomial of o over Q. Let n = deg(f) and
leta=al, a2,...,onbe the zeroes of f in C. The ai are all distinct. Similarly we let g(T) =
min(T) the minimum polynomial of f over Q. Let m = deg(g) and let B =1, B2, . .., pm be the

zeroes of g in C. Since Q is an infinite field, we can find A € Q= such that
a;—a
B — B

forl<i<nandfor2<j<m,

A+

Or equivalently

a+Af#a;+ABjforl <i<nandfor2<j Sm\‘%
Put 0 = o + Ap.
The polynomials h(T) = f(0 — AT) and g(T) are both in Q(0)[T] zﬁey both have  as a zero. The
remaining zeroes of g(T) are By, . . . , Pm and those of h(T =ai)/A for 2 <i<n. By our choice of
A, we have that B # (0—a;)/A forall 1 <i<nand 2 <j < erefore the ged of h(T) and g(T) is T —P.
Since g(T), h(T) are monic poynomials in Q(0) ve that T —§ € Q(0)[T]. This implies that €
Q(0) and hence that a € Q(0). It follows that Q(a, 8) = Q(0) as required.

Corollary - Let F be a finite extensior&f@&e n of Q. There are exactly n distinct field
homomorphisms ¢ : F — C.

Proof. We can write F = Q(a) fo
A homomorphism ¢ from
¢(a) of a. We have that 0 =
Conversely, every zero f € C of f(T) gives rise to a homomorphism ¢ : F — C given by ¢(a) = f. This

%a. Let f be the minimum polynomial of a over Q.

duces the identity on Q . Therefore it is determined by the image

@)) = f(p(a)). In other words, ¢(«) is a zero of f(T).

shows that there are exactly as many distinct homomorphism F — C as the degree n of f, as required.
Proposition - Let F be a number field of degree n over Q. Let wy, . .., w, € F.

Then wy, . . ., w, form a basis for F as a Q-vector space if and only if det(p(wi)),.i # 0. Here i runs
from 1 to n and ¢ runs over all homomorphisms ¢ : F — C.

Proof. First of all, note that the matrix (¢(;)),, IS & square matrix. Suppose that there exists a
relation }}; A;w; = 0 with &; € Q not all zero. Since @(A) = A for every A € Q, we see that }; A;w; =
0 for every ¢ : F — C. This implies that det(¢(wi))¢,i =0

To prove the converse, we write F = Q(«) for some a. Consider the Q-basis 1, o, a, ..., a" . For

this basis the matrix (¢(wi))¢i = ((l)(a)i_l)) is a Vandermonde matrix with determinant equal
, o

to a product of terms of the form (p1(a) — @2(a)) with ¢; £ @,. Since the zeroes ¢(a) € C of the
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minimum polynomial of « are all distinct, this determinant is not zero. So, for the basis 1, «, a, ...,

a"* the theorem is valid. For an arbitrary Q-basis w;, . . ., @, there exists a matrix M € GL(Q) such
that

w1 1

0):z Y

o, 41

applying the homomorphisms ¢ : F — C one obtains the following equality of n x n matrices:
(@), =M (9(a)),

and therefore
det ((¢(wi))¢,i) = det(M) - det(((i)(a"))d)'i) # 0

as required. This proves the proposition.

Note: The number field Q admits a unique embedding into the field of complex numbers C. The
image of this embedding is contained in R. In general, a number fiel its several embeddings in
C, and the images of these embeddings are not necessarily con&% . We generalize the
embedding @ : Q — R as follows.

Let F be a number field and let a € F be such that F = ther words F = Q[T]/(f(T)) where f(T)
denotes the minimum polynomial of a. Let n=d

We put F ® R =R[T]/(f(T)).

In these notes, F ®R is just our notation forl%R—algebra R[TJ/(f(T)). This algebra is actually the
tensor product of F over Q with R and t Qo shows that the construction does not depend on the

choice of o, but we will not use ﬁ{%rpretation. The natural map Q[T]/(f(T)) —— R[T])/(f(T)) gives
usamapd®:F—->FQQR.

We compute the ring F @ licitly: since C is an algebraically closed field, the polynomial
f(T) € Q[T] factors completely over C. Let’s say it has precisely m real zeroes By, . . . , Pm and
W pairs of complex conjugate zeroes Y1, Y1 , ..., Yw->¥Yw -

Wehave m+2w=n.
The numbers m and n depend only on the number field F and not on the choice of a. By the Chinese
Remainder Theorem there is an isomorphism
FOR=R"xC"
givenby T — By, ..., Bm, Y1, - - - » Yw ). Identifying the spaces F ® R and R™ x C" by means of this

isomorphism, we obtain an explicit description of the map ©.

Definition. Let F be a number field. With the notation above, the map ®
® : F — R™x C" is defined by ®(x) = (1(X), . . . , ®m (X), @ms1(X), - - . 5 Qusm (X))

where the ¢; : F — C are determined by ¢i(a)) = B for 1 <i<mand @pei(a) =y for 1 <i<w.

1
Example. Let a = 2* be a zero of T*—2 € Q[T] and let F = Q(av).
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1
The minimum polynomial of a is T* — 2. It has two real roots = 24 and two complex conjugate roots

1
+i 2% . We conclude that m = 2 and w = 1. The homomorphisms ¢; : F — C are determined by

1 1 1 1

Or(0) = 2%, o)== 2%, @s(0)=i2%, oQuo)=—1i 2%

Themap @ : F - F @ R=R x R x C s, given by O(x) = (91(X), P2(X), ¢3(X)).
§ Traces and norms:

Definition: Let L/K be a finite extension of fields, and x € L. We view L as a finite dimensional K-
vector space, and denote by ¢ : L — L the K-linear endomorphism on L defined by the multiplication
by x.

We have ¢4 € Endk(L).

We put Tr | k(x) = Tr(@y), and call it the trace of x (relative to L/K);

put Nk (x) = det(py), and call it the norm of x (relative to Lﬁ&.'%

We suppose that K is a number field. 2 Q)

Suppose B € K. Let g denote the map y — Py : K — K. ThisqSgJ¥hear map over Q.
Let A — B be rings such that B is a free A-module of r ,Fhen every e B defines an A-linear
map from B to B as x — Bx; and the trace and ngrm ¥determinant) of this map are well-defined.

We call them the trace Trga p and norm Ngja i the extension B/A.

Thus if {ey,.. .. .. e,} is a basis for B ov, 6‘&@1 Bei= > ayej,
then Trga(B) = Z a;; and NB/A(ﬁ)A%d%FJ)

When B o A is a finite field e>‘<§' this agrees with the usual definition.

The following hold for a eB
Trea (B + B/) =Trga (B) + Trea ([3/) Ne/a (B B/) = Ng/a (B) Ng/a (Bl)
Treia (aP) = aTrga (B) Ng/a () = a"

Trga (8) =na
PROPOSITION : Let L/K be an extension of fields of degree n, and let e L.
Let f (X) be the minimal polynomial of § over K and let B; = B, Bo, ..... Bm, be the roots of f (X).

Then Truk(B) = r.(Bet Bot ..... HBm) and Nux (B) = (Br- Bz- .. Bm)' ;
wherer =[L : K [B]] = n/m

We may set S(B) =tr pg,
N(B) = det p.

We call S(B), N (B) the trace and norm of B € K.

Evidently, S(B), N (B) € Q.

The following results are immediate
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Propositions:
L.S(B+v)=S(PB) +S);
2.N (By) =N (B) N (v);
3.if ¢ € K then S(c) = dc, N(c) = ¢
There is an alternative way of looking at the trace (or spur) and norm, in terms of conjugates.
If L, K are two fields then any ring homomorphism 6 : L — K is necessarily injective; for if ¢ € L is
non-zero then

ceker6=1(c)=0

= f(1) = f(cc™) = f(c)f(c ) =0,

while f(1) = 1 by definition.
Suppose L is a number field, and K = C.
We may say that 0 defines an embedding of L in C.
We want to see in how many ways the number field L = Q(a) can be embedded in C.
Suppose m(x) is the minimal polynomial of a. \
Let the roots of m(x) be ay = a, 0, . . ., dg, so that m(x) = (x alq)'%)- (X a).
Note that the roots are distinct, since m(x) is irreducible.
For if there was a multiple root it would also be a root of )@'and then

f(x) = ged(m(x), m'(x)) would be a non-triv fa%r of m(x).
Proposition :
Suppose L = Q(a) is a number field of degregd,
Then there are just d ring homomorphi s@: L — C, given by

oi: flo) — flo))  (F(X) nggf ri=1,...,d.
Proof : If o — o then m(o) = \
O

Hence o = o; for some i; and so
f(o) — f(a).
This map is well-defined, since f(a)= g(o) = m(x) | f(x) — g(x)
= o) = g(o);
and itisevident that it is a ring-homomorphism. m

In other words, there are just d = deg L embeddings of the number field L in C.

Note that this result is independent of the choice of generator o, it is a property of the field L itself.



