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Plane Electromagnetic Wave in Conducting Medium:

Maxwell’s equation are
divD =V.D = p - (i)
divB =V.B =0 - (ii)

B
curlE = > (ii1)
%
curlH = | + FTI (iv)

Let us assume that medium is linear and isotropic and is
characterized by permittivity € , permeability u and
conductivity o, but any charge or any current other than that
determined by Ohm’s law.



Then
D=¢e¢E,B=uH,] =0E,p=0
So Maxwell’s equation takes the form as
divE =0 - (v)
divH = 0 - (vi)

OH g
curlE = —u Fya (vii)

curlH = oF + €7 7 (viii)

Taking curl of equation (vii) and substitute in
equation (viii) we get



d
curl curlE = —u 3 (curl H)

[ curlE = 0 E 4 or
curl curlt = —pu—| ok + €=
| curlF — 0E 0%E _
curl curlE = —op—= — €u—75 = (ix)
Similarly we get
| curlH 0H 0“H
= —0OU— — €U —— >
curl cur Op—or — €l (x)

Now using vector identity we get

curl curlA = grad divA — VA - (xi)



We know divE =0 and divH =0
So equation (x) and equation (xi) becomes the form as

5 oE VZE -
V E_O-HE_EMW: 0- (Xll)
o OH_ VEH

— — — —_— —_
oo €U 372 (xiii)

These equations represents the wave equation governing
electromagnetic field E and H in a homogenous isotropic
conducting medium of conductivity o.



It is apparent that these equations are vector equations of
identical form which means that each of the six components
of E and H separately satisfies the same scalar wave equation

of the form of
2

Vip — o 5_(,0 — € (3_(/)
PR T H a2
Where ¢ is a scalar and can stand for any one of component

of E and H.

In an isotropic dielectric medium we have seen that the time
varying fields are transverse i.e. the field vectors E and H are
perpendicular to the direction in which the spatial variation
occurs

=0 - (xiv)



In the limit of zero frequency we know from electrostatic and
magnetostatic that the static field in a dielectric are
longitudinal in the sense that the fields are derivable from
scalar potential. If conductivity is not zero , modifications are
necessary. Let us assume that the fields vary in inly one spatial
variable x,. Therefore decomposing the field into longitudinal
and transverse parts

E(xe,t) = Ej(Xq, t) + Et(Xq, t) = (xV)

H(xou t) = H, (xa» t) H; (xou t) - (xvi)

Therefore



JE,

=0 - (xvii)
0x,
0H, 0
- - -
ox. (xviii)
And
0,7 E, =0 ]
| =0 -
5 T2 E (xix)
Since

curlE; = curl grad®, = 0



H, 0
_— — -
5 (xx)

Since
curlH; = curl grad®, = 0

From equation (xix) and equation (xx) , itis clear that
longitudinal magnetic field is possible in a static uniform field.
This is same situation in dielectric. But from

equation (xix) and equation (xx) it seems that the
longitudinal electric field is uniform in space while passes the
time variation given by

a'aE—O
ot e) '
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ot e
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Integrating this we get

o
logE; = Et - logE,

E;(xg,t) = Ege~ /O - (xxi)



Consequently no static electric field can exist in a conducting
medium in the absence of an applied current density. For
good conductor like copper o = 107 ™ho/. Therefore we
shall consider the transverse field in conducting medium. Let
us assume that field may vary as e*"~1®t_Then the solution
of equation (vii), equation (viii) and equation (ix) are

E = Eget™r 710t — (xxii)
H = Hye™ 1@t — (xxiii)
Q = g0061k.7‘—lwt N (xxiv)
Substituting the value of @ in the equation (ix) we get
(—k? +iow + uew?) = 0 = (xxv
u



This means that the propagation wave vector k is a complex
and is given by

2 _ 2 o :
k“ = uew 1+we - (xxvi)

In the above equation first term corresponds to displacement
current and second to conduction current. As a k is complex
we may write assuming o is real. Therefore

k=a+if — (xxvii)

k% =a? — B? + 2iaf - (xxviii)
Comparing equation (xxvi) and equation (xxviii) we get



a’ — B?% = uew? - (xxix)

And

Where

a = +\[UEW

B = View |

2af = uwo - (xxx)
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— (xxxii)



Sointermof a« and [, the E and H takes form of
E = Eoei(a+i,8)n.r—iwt — Eoe—ﬁn.reicxn.r—iwt N (xxxii)

H = Hoel(a+1,8)n.r—la)t — Hoe—ﬁn.relan.r—lwt — (xxxiii)

From these two equations it is obvious that field amplitude
are spatially attenuated due to presence of term e ™" . The
f is measure of attenuation and known as absorption
coefficient . We may conclude that the field vectors are
propagated in the conduction medium with speed v = ¢/,
and given by



1,

V=—=——= - (xxxiv)

a \/EN 2
g |u

For poor conductor 9/ye < 1,then a = \Juew, f = ~ |-

Therefore

—

— R — i
k=a+if —\/,uea)+lz\16—> (xxxv)
And for good conductor ?/,e > 1, so that a and f8 are
approximately equal i.e.




9 oW
a = B = JHEw /260):/_“2
\

ow
k=a+if=1+i /MTe(xxxvi)

Reflection and Refraction of Electromagnetic Wave at
interface of Non-Conducting Medium:

The reflection and refraction of light at a plane surface
between two media of different dielectric properties are
familiar and classified into two categories,

Therefore

(A) Kinematic Properties



(i) Law of reflection-The angle of reflection (6,.) is equal to
angle of incidence (0;)

(ii) Snell’s Law say
sind; Ny

sinf, n4
Where n,; and n, are indices of corresponding medium.

(iii) Law of frequency says the incident, reflected and refracted
waves all have same frequency.

(iv) The incident, reflected and refracted wave all lie in same
plane but normal to the boundary surface.

(B) Dynamic Properties



(i) Intensities of reflected and refracted waves
(ii)) Phase changes and propagation

Let us consider a plane interface at z = 0 separating two
homogenous charge free and non-conducting isotropic media
characterized by permittivity's €4, €, and permeability u4, u,




Let a plane wave with wave vector k; and frequency w, be
incident at point O on the interface. This wave is partly
reflected and partly transmitted. Let the reflected and
refracted wave vectors k; and k, and frequencies w; and w,.
Let n be the unit vector to the interface. The field vector for
incident, reflected and refracted wave may be;

For incident wave -
El — E01eik1.‘r—iw1t N (l)
B ki X E4
1 o,
ki X E4

H1 W1

Hy

— (ii)



For reflected wave -
i1,/ 1 / P
E{ — E(l)lelkl.r—lwlt — (lll)
!/ !/
Bl ki X Ej
1 — /
;W1
- kg X Eq

!/ !/
Hq W1

H{ - (iv)

For refracted wave -

B k, X E,
2 —

00
- ky X E

H1 W2

2
H;

— (Vi)



We can apply boundary condition that the tangential
component of electric field is continuous across the interface

between mediai.e. z = 0. In this case at every point in the
interface

(El)tangential + (E{)tangential — (Ez)tangential - (Uii)

1 q ! o !/
(E1)tangentiar- € . €7t + (ED tangentiar- €97 . €711t
— (Ez)tangentlal-e tka. T g=lwat — (viii)

Since this quantity is independent of time, it immediately
follows that

W =wW; =wy, = — (ix)



That is the incident, reflected and refracted waves all have the

same frequency. Since equation (ix) holds for all points of
the interface z = 0, we must have

(kl-r)z=0 — (ki-r)z=0 — (kz-r)z=0 - (X)
This equation is independent of the nature of boundary

condition and contain the kinematic aspects of reflection and

refraction. This equation (x) is independent of nature. This
equation is expressed as

KixX + kiyy = kix + kyyy = koyx + kppy — (xi)
We get
kix = kix = kyy o (Xii)



And

kly — kiy — ka — (Xlll)
Since incident beam is in xz - plani.e. k;,, = 0, then
equation (xiii) becomes

kiy = kyy = (xiv)

This means k; and k, also lie in xz — plan. As normal n is
along z — axis, thus we conclude that all three wave vector
and normal to the interface n all lie in the same plan. This

means incident, reflected, refracted and normal to the
interface all in the same plan. Further we have

ki.v = ky(xsinb; + zcosb;) = (xv)



ki.v = ki(xsin6, — zcos6,.) — (xvi)

ky.r = k,(xsinf, + zcos8,.) —» (xvii)

Substituting equation (xv) and equation (xvi) in
equation (xi) we get

(kl-r)z=0 — (ki-r)z=0
We get
k,xsin8; = k{xsin6;,

k,sin8; = k;sinf; — (xviii)



Since wave vector k; and kq lie in the same medium hence

ki = ki = w16, = ( ) where v, being the phase velocity

of electromagnetic wave in medium 1. So
equation (xviii) becomes
sinf; = sinb;.

0; = 6, — (xix)

i.e. the angle of incident is equal to angle of reflection. Again
by putting the values of k;.7r andk,.r we get

(kl- r)zzO — (kz- r)z:O



kixsin8; = k,xsino,
k,sin@; = k,sino,

k, sinb,

k, ~ sin,

Sinf;  wy\/lUzE;
sind, w161

W1 =Wy = W

Since



sino; U €

sinf, \ U1 €4

Since
UE C
n p— —
Ho€o V
\
sinf; n,
. = — - (xx)
sinf, n4

This is known as Snell’s law of reflection.



