
Complex Integration 

Complex line integrals: 

Let f(z) be continuous at all points of a curve C has a finite length. Let us 

subdivide C into n parts by means of points 𝑧1 , 𝑧2, 𝑧3. . . . . . . . . . . 𝑧𝑛−1 .𝐿𝑒𝑡 a= 𝑧0 , 

b=𝑧𝑛. Let us Choose a point 𝜉𝑘 on each arc 

joining 𝑧𝑘−1 to 𝑧𝑘 ( k=1,2,….n) .  

Form the sum 𝑆𝑛 = f( 𝜉1) (𝑧1  − 𝑎)+ f( 𝜉2) (𝑧2  −
𝑧1) + f( 𝜉1) (𝑧3 − 𝑧2)+. . . . . . . . . . . f( 𝜉𝑛) (𝑏 −
 𝑧𝑛−1) 

                            = ∑ f( 𝜉𝑘) (𝑧𝑘 − 𝑧𝑘−1)𝑛
𝑘=1  

      = ∑ f( 𝜉𝑘) Δ𝑧𝑘 𝑛
𝑘=1  where Δ𝑧𝑘= 𝑧𝑘  − 𝑧𝑘−1 

When n become large Δ𝑧𝑘 become small i.e as n →  ∞  , Δ𝑧𝑘 →  0 

Then the sum 𝑆𝑛 approaches a fixed limit which does not depend on the mode 

of subdivision and we denote this limit by ∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
 𝑜𝑟 ∫ 𝒇(𝒛)𝒅𝒛

𝑪
 

 is called complex line integral along the curve C. Here f(z) is said to be 

integrable along C. 

   ∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
 = lim

𝑛→∞
∑ f( 𝜉𝑘) (𝑧𝑘  − 𝑧𝑘−1)𝑛

𝑘=1  

Connection between real and complex line integral:  

If f(Z) = u(x,y) + i v(x,y) = u+iv then  

                                                ∫ 𝒇(𝒛)𝒅𝒛
𝑪

 = ∫ (𝒖 + 𝒊𝒗) (𝒅𝒙 + 𝒊𝒅𝒚)
𝑪

 

     = ∫ 𝒖𝒅𝒙 − 𝒗𝒅𝒚
𝑪

 + ∫ 𝒗𝒅𝒙 +  𝒖𝒅𝒚
𝑪

 

Properties of Integral: 

If f(z) and g(z) are integrable along C 

𝟏. ∫ {𝒇(𝒛) +  𝒈(𝒛)} 𝒅𝒛
𝑪

 = ∫ 𝒇(𝒛)𝒅𝒛
𝑪

 + ∫ 𝒈(𝒛)𝒅𝒛
𝑪

 

2. ∫ 𝒌 𝒇(𝒛)𝒅𝒛
𝑪

 = k ∫ 𝒇(𝒛)𝒅𝒛
𝑪

 where k is a constant 

3. ∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
 = - ∫ 𝑓(𝑧)𝑑𝑧

𝑎

𝑏
 

4. ∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
 = ∫ 𝑓(𝑧)𝑑𝑧

𝑐

𝑎
  + ∫ 𝑓(𝑧)𝑑𝑧

𝑏

𝑐
 where a,b, c are on C 



5. |∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
| ≤ ML where  |𝑓(𝑧)| ≤ M is an upper bound of |𝑓(𝑧)| on C and 

L is the length of C 

6. ∫ 𝒇(𝒛)𝒅𝒛
𝒄𝟏+𝒄𝟐

 = ∫ 𝒇(𝒛)𝒅𝒛
𝒄𝟏

 + ∫ 𝒈(𝒛)𝒅𝒛
𝒄𝟐

      where C=𝒄𝟏+𝒄𝟐 

Q. State and Prove Cauchy Integral theorem 

Ans: Statement: Let f(z) = u(x,y) + iv(x,y) be analytic on and inside a simple 

closed contour and let 𝑓 /(𝑧) be also continuous on and inside C, then  

∮ 𝑓(𝑧)𝑑𝑧
𝑐

=o 

Proof: The proof of the Cauchy Integral theorem requires the Green Theorem 

for a positively oriented closed contour C; If the two real functions P(x,y) and 

Q(x,y) have continuous first order partial derivatives on and inside C, then  

∮ 𝑃𝑑𝑥 +  𝑄𝑑𝑦
𝐶

 = ∬ (𝑄𝑥  − 𝑃𝑦𝐷
) dxdy 

                           Where D is the simply connected domain bounded by C. 

Suppose we write f(z) = u(x,y) + iv(x,y) ; we have  

 

    ∮ 𝑓(𝑧)𝑑𝑧
𝑐

= ∮ 𝑢𝑑𝑥
𝑐

 – vdy + i ∮ 𝑣𝑑𝑥 +  𝑢 𝑑𝑦
𝑐

 

One can infer from the continuity of 𝑓 /(𝑧) that u(x,y) and v(x,y) have 

continuous derivatives on and inside C. Using the Greens theorem the two real 

line integrals can be transformed into double integrals.  

  ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 =  ∬ (−𝑣𝑥  − 𝑢𝑦𝐷
)dxdy + i ∬ (𝑢𝑥  − 𝑣𝑦𝐷

)dxdy 

By Cauchy Rieman Equation  

𝑢𝑥  =  𝑣𝑦 and  𝑣𝑥  = − 𝑢𝑦  

So   ∬ (−𝑣𝑥  −  𝑢𝑦𝐷
)dxdy =0 and  ∬ (𝑢𝑥  − 𝑣𝑦𝐷

)dxdy =0 

 Thus 

∮ 𝑓(𝑧)𝑑𝑧
𝑐

 =0  

Hence the theorem 

Q.Prove Cauchy-Goursat theorem for any simple closed curve 



Proof: Statement :  If a function is analytic and one valued inside and on a 

simple closed curve C then 

∮ 𝑓(𝑧)𝑑𝑧
𝑐

 =0  

Proof : Let us assume that  C is contained 

in a region R in which f(z) is analytic. 

Let 𝑧1, 𝑧2,𝑧3, . . . . . . . . . . . 𝑧𝑛 be n 

subdivisions on curve where 𝑧0= 𝑧𝑛. Let 

us construct a polygon by joining these 

points. 

Let us define the sum  

𝑆𝑛 = ∑ 𝑓(𝑧𝑘)𝑛
𝑘=1 ∆𝑧𝑘 

 

Where ∆𝑧𝑘  = 𝑧𝑘 − 𝑧𝑘−1 . Since  

 lim
𝑛→∞

𝑆𝑛 = ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 

It follows that given any 𝜀 > 0   we can choose N  so that for n > N 

|∮ 𝑓(𝑧)𝑑𝑧
𝑐

− 𝑆𝑛| <
𝜖

2
 ……………………………………………..(i) 

Now considering the integral along the polygon p. But by Cauchy -GGoursat 

theorem for any Closed polygon we have,  

∮ 𝑓(𝑧)𝑑𝑧
𝑝

 = 0 Where p is the polygon 

 ∫ 𝑓(𝑧)𝑑𝑧
𝑧1

𝑧0
 + ∫ 𝑓(𝑧)𝑑𝑧

𝑧2

𝑧1
 + ∫ 𝑓(𝑧)𝑑𝑧

𝑧3

𝑧2
 

+………………………..+∫ 𝑓(𝑧)𝑑𝑧
𝑧𝑛

𝑧𝑛−1
 =0 

 ∫ {𝑓(𝑧) − 𝑓(𝑧1) + 𝑓(𝑧1)} 𝑑𝑧
𝑧1

𝑧0
  +………………………..+∫ {𝑓(𝑧) −

𝑧𝑛

𝑧𝑛−1

 𝑓(𝑧𝑛) + 𝑓(𝑧𝑛)}𝑑𝑧=0 

 ∫ {𝑓(𝑧) − 𝑓(𝑧1)} 𝑑𝑧
𝑧1

𝑧0
  +………………………..+∫ {𝑓(𝑧) −

𝑧𝑛

𝑧𝑛−1

 𝑓(𝑧𝑛)}𝑑𝑧 + 𝑆𝑛=0 

 𝑆𝑛 = ∫ {𝑓(𝑧1) − 𝑓(𝑧)} 𝑑𝑧
𝑧1

𝑧0
  +………………………..+∫ { 𝑓(𝑧𝑛) −

𝑧𝑛

𝑧𝑛−1

𝑓(𝑧)}𝑑𝑧………(ii) 

Let us now choose N so large that on the line joining 𝑧1 and 𝑧1,𝑧1 and 

𝑧2,………. 𝑧𝑛−1 and 𝑧𝑛, 



|𝑓(𝑧1) − 𝑓(𝑧)| <
𝜖

2𝐿
 + |𝑓(𝑧2) − 𝑓(𝑧)| <

𝜖

2𝐿
 + ……………|𝑓(𝑧𝑛) − 𝑓(𝑧)| 

<
𝜖

2𝐿
 ………(iii) 

Where L is the length of C. Then from (ii) and (iii) we have 

𝑆𝑛 ≤ | ∫ {𝑓(𝑧1) − 𝑓(𝑧)} 𝑑𝑧
𝑧1

𝑧0
 | + | ∫ {𝑓(𝑧1) −

𝑧1

𝑧0

𝑓(𝑧)}𝑑𝑧 |………+| ∫ { 𝑓(𝑧𝑛) − 𝑓(𝑧)}𝑑𝑧|
𝑧𝑛

𝑧𝑛−1
 

 |𝑆𝑛| ≤ 
𝜖

2𝐿
 {| 𝑧1 − 𝑧0| + | 𝑧2 − 𝑧1| + | 𝑧3 − 𝑧2| +………………+ | 𝑧𝑛 −

 𝑧𝑛−1| } = 
𝜖

2
…..(iv) 

                       ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 = ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 - 𝑆𝑛 + 𝑆𝑛 

Now using (i) and (iv) , we have   

  | ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 | = |  ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 - 𝑆𝑛 | + | 𝑆𝑛| < 
𝜖

2
 + 

𝜖

2
 = 𝜖 

Since 𝜖 is arbitrary, it follows that ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 = 0 

Q. If f(z) is analytic in a simply- connected region R, Prove that 

∫ 𝒇(𝒛)𝒅𝒛
𝒃

𝒂
 is independent of the path in R 

joining any two points a and b in R 

        Solution: By Cauchy’s theorem, We 

have                                                                                                

∫ 𝑓(𝑧)𝑑𝑧
𝐴𝐷𝐵𝐸𝐴

 = 0  

∫ 𝑓(𝑧)𝑑𝑧
𝐴𝐷𝐵

  + ∫ 𝑓(𝑧)𝑑𝑧
𝐵𝐸𝐴

 = 0  

 ∫ 𝑓(𝑧)𝑑𝑧
𝐴𝐷𝐵

  = - ∫ 𝑓(𝑧)𝑑𝑧
𝐵𝐸𝐴

  

 ∫ 𝑓(𝑧)𝑑𝑧
𝐴𝐷𝐵

  =  ∫ 𝑓(𝑧)𝑑𝑧
𝐴𝐸𝐵

  

Thus ∫ 𝑓(𝑧)𝑑𝑧
𝑐1

  = ∫ 𝑓(𝑧)𝑑𝑧
𝑐2

 =  ∫ 𝑓(𝑧)𝑑𝑧
𝑏

𝑎
 

 

Q. If C is the curve y= 𝒙𝟑 − 𝟑𝒙𝟐 +4x -1 Joining Points (1,1) and (2,3) , 

find the value of  

                                                      ∫  (𝟏𝟐𝒛𝟐 − 𝟒𝐢𝐳)𝒅𝒛
𝑪

 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: Here  ∫  (12𝑧2 − 4iz)𝑑𝑧
𝐶

   Here (1,1)=1+i  and (2,3)=2+3i 

  =  ∫ (12𝑧2 − 4iz)𝑑𝑧
2+3𝑖

1+𝑖
 



   

                  = [4𝑧3 − 2𝑖𝑧2 ]1+𝑖
2+3𝑖 

         = 4[ (2 + 3𝑖)3- (1 + 𝑖)3] – 2i [ (2 + 3𝑖)2- (1 + 𝑖)2] 

                  = 4[ (8+36i- 54 –27i) – ( 1+3i-3 -i)] – 2i [ (4 +12i -9) – ( 1+2i-1)] 

                  = 4[(-44+ 7i) – 2i( -5 +10i)] 

                  = -176 + 28i +10i +20  

                  = - 156+38i 

Q. Evaluate ∮ 
𝒅𝒛

𝒛−𝒂
 

𝒄

 where C is any simple closed curve C and z=a is (a) 

outside C, (b) inside C 

(a) If z=a outside the curve C then f(z) = 
𝟏

𝒛−𝒂
 

is analytic everywhere inside and on C. 

Hence by Cauchy’s theorem 

∮ 
𝒅𝒛

𝒛−𝒂
 

𝒄

 = 0 

(b) Suppose a is inside C. If z=a is inside C, then function is not analytic at 

z=a.  Let us draw a circle 𝑐1 surrounding the point z=a with radius 𝜖 with 

center at z=a so that 𝑐1 is inside C . 

∮ 
𝒅𝒛

𝒛−𝒂
 

𝒄

 = ∮  
𝒅𝒛

𝒛−𝒂
 

𝒄𝟏

 

On  𝒄𝟏 ,  |z-a| = 𝜖 

 z-a = 𝜖 𝑒𝑖𝜃 

 dz = 𝜖𝑖 𝑒𝑖𝜃d𝜃  



  ∮  
𝒅𝒛

𝒛−𝒂
 

𝒄𝟏

 = ∫  
𝜖𝑖 𝑒𝑖𝜃d𝜃

 𝜖 𝑒𝑖𝜃

2𝜋

0
 = 2 𝜋𝑖  

𝑸.  Evaluate ∮  
𝒅𝒛

(𝒛−𝒂)𝒏 
𝒄

 n=  2, 3, 4,……… where z=a is inside the simple 

closed curve C 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: Suppose a is inside C. If z=a is 

inside C, then function is not analytic at z=a.  

Let us draw a circle 𝑐1 surrounding the point 

z=a with radius 𝜖 with center at z=a so that 𝑐1 is 

inside C . 

            ∮ 
𝒅𝒛

(𝒛−𝒂)𝒏  
𝒄

= ∮  
𝒅𝒛

(𝒛−𝒂)𝒏  
𝒄𝟏

 

                   On  𝒄𝟏 ,  |z-a| = 𝜖 

z-a = 𝜖 𝑒𝑖𝜃 

   dz = 𝜖𝑖 𝑒𝑖𝜃d𝜃  

  ∮  
𝒅𝒛

(𝒙−𝒂)𝒏  
𝒄𝟏

 = ∫  
𝜖𝑖 𝑒𝑖𝜃d𝜃

 𝜖𝑛  𝑒𝑖𝑛𝜃

2𝜋

0
 = 

𝑖

 𝜖𝑛−1  ∫  𝑒(1−𝑛)𝑖𝜃d𝜃 
2𝜋

0
  

                                                                 =  
𝑖

 𝜖𝑛−1
 [

𝑒(1−𝑛)𝑖𝜃

 (1−𝑛)𝑖
 ]0

2𝜋 

                                                                 = 
𝑖

 (1−n)𝜖𝑛−1 [ 𝑒
2(1−𝑛)𝜋𝑖 – 1] 

                                                                 = 0 , where n ≠ 1                                          

[ since 𝑒2(𝑛−1)𝜋𝑖 = cos2(𝑛 − 1)𝜋 +isin2𝑛𝜋] = 1 for all n 

and  
𝑖

 (1−n)𝜖𝑛−1 is not defined when n=1 ] 

Q.  Evaluate ( 𝒊)∮ 
𝒅𝒛

𝒛
 

𝒄

 where C is a simple closed curve enclosing the origin. 

                        (ii) ∮ 
𝒅𝒛

𝒛
 

𝒄

 where C is a simple closed curve does not enclose 

the origin. 

 

 

 



 

 

 

Q. If f(z) is analytic inside and on boundary C of a simply-connected region 

R , prove that cauchy’s integral formula  

  f(a) = 
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛

𝑪

      

Solution :  The function   
𝒇(𝒛)

𝒛−𝒂
   is analytic 

inside and on C except at the point z=a . Let 

us draw a circle 𝑐1 surrounding the point z=a 

with radius 𝜖 with center at z=a so that 𝑐1 is 

inside C . 

                ∮   
𝒄

 
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛= ∮  

𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝒄𝟏

………..(i) 

                   On  𝒄𝟏 ,  |z-a| = 𝜖 

z-a = 𝜖 𝑒𝑖𝜃 

 Z= a + 𝜖 𝑒𝑖𝜃 

   dz = 𝜖𝑖 𝑒𝑖𝜃d𝜃  

              ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝒄𝟏

=  ∫  
𝑓(a + 𝜖 𝑒𝑖𝜃)𝜖𝑖 𝑒𝑖𝜃

 𝜖 𝑒𝑖𝜃

2𝜋

0
𝑑𝜃   

             ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝒄𝟏

 = i   ∫ 𝑓(a +  𝜖 𝑒𝑖𝜃) 
2𝜋

0
𝑑𝜃  

       Thus we have from (i)   

               ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝑪

 = i   ∫ 𝑓(a +  𝜖 𝑒𝑖𝜃) 
2𝜋

0
𝑑𝜃 

Taking the limit as 𝜖 → 0 on both sides  we have    

                ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝑪

 =𝐥𝐢𝐦
𝜖→𝟎

𝐢   ∫ 𝑓(a +  𝜖 𝑒𝑖𝜃) 
2𝜋

0
𝑑𝜃  

     ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝑪

 =   𝐢   ∫ 𝐥𝐢𝐦
𝜖→𝟎

𝑓(a +  𝜖 𝑒𝑖𝜃) 
2𝜋

0
𝑑𝜃           



   =   𝐢    ∫ 𝑓(a) 
2𝜋

0
𝑑𝜃  

     ∮  
𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛  

𝑪

= 2𝜋𝑖 f(a)      

               Thus f(a) =   
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛

𝑪

    

Q. If a function f(z) is analytic in a region D, then the derivative at any 

point z=a of D is also analytic in D , and given by 

𝒇/(𝒂) = 
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒙−𝒂)𝟐 𝒅𝒛
𝑪

 ,where C is any closed 

contour in D surrounding a point x=a 

Solution: Let a+h be a point in the neighourhood of the point a, then by 

Cauchy’s integral formula , we have  

  f(a) = 
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛

𝑪

 

  So f(a+h) =  
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛+𝒂)

𝒛−𝒂−𝒉
  𝒅𝒛

𝑪

 

  f(a+h)- f(a) = 
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛)

𝒛−𝒂−𝒉
  𝒅𝒛

𝑪

 - 
𝟏

𝟐𝜋𝑖
  ∮  

𝒇(𝒛)

𝒛−𝒂
  𝒅𝒛

𝑪

 

      = 
𝟏

𝟐𝜋𝑖
 ∮  (

𝟏

𝒛−𝒂−𝒉
−

𝟏

𝒛−𝒂
) 𝒇(𝒛)𝒅𝒛

𝑪

 

      = 
𝟏

𝟐𝜋𝑖
 ∮  (

(𝒛−𝒂)−(𝒛−𝒂−𝒉)

(𝒛−𝒂−𝒉)(𝒛−𝒂)
)𝒇(𝒛)𝒅𝒛

𝑪

 

      = 
𝟏

𝟐𝜋𝑖
 ∮  (

𝒉𝒇(𝒛)

(𝒛−𝒂−𝒉)(𝒛−𝒂)
𝒅𝒛

𝑪

 

  lim
ℎ→0

[
𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
 = lim

ℎ→0

𝟏

𝟐𝜋𝑖
 ∮  (

𝒉𝒇(𝒛)

(𝒛−𝒂−𝒉)(𝒛−𝒂)
𝒅𝒛

𝑪

 

 𝒇/(𝒂) = 
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂)𝟐 𝒅𝒛
𝑪

 

 

 



Q. If a function f(z) is analytic in domain D, f(z) has, at any point z=a of D, 

derivatives of all orders, all of which are again analytic function in D, their 

values are given by  

    𝒇𝒏(𝒂) = 
𝒏!

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂)𝒏+𝟏 𝒅𝒛
𝑪

 

Solution: Try yourself 

  Q. State and Prove Morera’s theorem ( Converse of Cauchy’s theorem) 

Solution: Statement : If f(z) is continuous in a simply connected region R and if    

∮ 𝑓(𝑧)𝑑𝑧
𝑐

 =0  

around every simple closed curve C in R , then f(z) is analytic in R       

Proof: 𝐿𝑒𝑡  𝑧0 be a fixed point and z any variable point in the Region R, then the 

value of the integral ∫ 𝑓(𝑧)𝑑𝑧
𝑧

 𝑧0
   is independent of the curve joining  𝑧0 𝑎𝑛𝑑  z 

and is a function of z, hence we may write 

   F(z) =  ∫ 𝑓(𝑧)𝑑𝑧
𝑧

 𝑧0
  

  So F(z+h) =  ∫ 𝑓(𝑧)𝑑𝑧
𝑧+ℎ

 𝑧0
 

  F(z+h) – F(z) =  ∫ 𝑓(𝑧)𝑑𝑧
𝑧+ℎ

 𝑧0
 - ∫ 𝑓(𝑧)𝑑𝑧

𝑧

 𝑧0
 

         =  ∫ 𝑓(𝑧)𝑑𝑧
𝑧

 𝑧0
 +  ∫ 𝑓(𝑧)𝑑𝑧

𝑧+ℎ

 𝑧
 - ∫ 𝑓(𝑧)𝑑𝑧

𝑧

 𝑧0
 

  F(z+h) – F(z)  =  ∫ 𝑓(𝑧)𝑑𝑧
𝑧+ℎ

 𝑧
 

  lim
ℎ→0

[𝐹(𝑧 + ℎ) − 𝐹(𝑧)] = lim
ℎ→0

 ∫ 𝑓(𝑧)𝑑𝑧
𝑧+ℎ

 𝑧
 

= ∮ 𝑓(𝑧)𝑑𝑧
𝑐

  = 0  

 where C is the Closed Curve, ( when ℎ → 0 then  

                                   ∫ 𝑓(𝑧)𝑑𝑧
𝑧+ℎ

 𝑧
 = ∫ 𝑓(𝑧)𝑑𝑧

𝑧

 𝑧
 = 0 ) 

So, lim
ℎ→0

[𝐹(𝑧 + ℎ) − 𝐹(𝑧)] = 0  

  lim
ℎ→0

[
𝐹(𝑧+ℎ)−𝐹(𝑧)

ℎ
− 𝑓(𝑧)] = lim

ℎ→0
 {--

1

ℎ
 f(z) ∫ 𝑑𝑧

𝑧+ℎ

 𝑧
} 

          = lim
ℎ→0

 {--
1

ℎ
 f(z) ∫ 𝑓(𝑧)𝑑𝑧

𝐶
 } 

Since Joining Curve C becomes closed when ℎ → 0 



                      lim
ℎ→0

[
𝐹(𝑧+ℎ)−𝐹(𝑧)

ℎ
− 𝑓(𝑧)] = 0  

    => lim
ℎ→0

𝐹(𝑧+ℎ)−𝐹(𝑧)

ℎ
= 𝑓(𝑧) 

                    =>   𝐹/(z) = f(z)  

 Thus, derivative of F(z) exists for all z, therefore F(z) is analytic in R, 

consequently 𝐹/(z) is analytic i.e f(z) is analytic. 

Q. If f(z) is analytic within a circle C, given by |z-a| = R and if |f(z)|≤M on 

C, then |𝒇𝒏(𝒂)| ≤ 
𝑴𝒏!

𝑹𝒏
 ( It is the Cauchy’s Inequality.) 

Solution: We know that if f(z) is analytic in a certain domain  then derivative of 

all orders at any point z=a  is also analytic and the nth derivative of f(z) at z=a is 

given by 

 𝑓 𝑛(𝑎) = 
𝑛!

2𝜋𝑖
 ∫

𝑓(𝑧)

(𝑧−𝑎)𝑛+1 𝑑𝑧
𝐶

 

       |𝑓 𝑛(𝑎)|= |
𝑛!

2𝜋𝑖
 ∫

𝑓(𝑧)

(𝑧−𝑎)𝑛+1 𝑑𝑧
𝐶

| ≤ 
𝑛!

|2𝜋𝑖|
 ∫

|𝑓(𝑧)||𝑑𝑧|

|(𝑧−𝑎)|𝑛+1
𝐶

……….(i) 

          Given |z-a| = R𝑒𝑖𝜃 

   Or, z-a = 𝑅𝑒𝑖𝜃 

   Or, dz = i𝑅𝑒𝑖𝜃𝑑𝜃 

   Or, | dz| = | i𝑅𝑖𝜃𝑑𝜃|= R𝑑𝜃 (|i|=1,| 𝑅𝑒𝑖𝜃| = 𝑅   

From (i) we have ,  

  |𝑓𝑛(𝑎)| ≤  
𝑛!

2𝜋
 ∫

𝑀𝑅𝑑𝜃

𝑅𝑛+1
𝐶

  ( since |f(z)|≤M, given) 

  |𝑓𝑛(𝑎)| ≤  
𝑛!

2𝜋

𝑀

𝑅𝑛+1
 ∫ 𝑅𝑑𝜃

2𝜋

0
 

       ≤ 
𝑛!

2𝜋

𝑀

𝑅𝑛+1
 2𝜋𝑅 

        ≤ 
𝑀𝑛!

𝑅𝑛
 

𝐐. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐝𝐞𝐫𝐢𝐯𝐚𝐭𝐢𝐯𝐞 𝐨𝐟 𝐚𝐧 𝐚𝐧𝐚𝐥𝐲𝐭𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐢𝐬 𝐚𝐧𝐚𝐥𝐲𝐭𝐢𝐜 

Solution: Let f(z) be an analytic function in the domain D. 

If C is any closed curve in D and z=a point within C. 

Then  

                           𝒇/(𝒂) = 
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂)𝟐 𝒅𝒛
𝑪

…………………(i) 

If f(a + h)be a point in the neighourhood of the point a within C, then 



                     Then   𝒇/(𝒂 + 𝒉) = 
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂−𝒉)𝟐 𝒅𝒛
𝑪

 

So,  𝒇/(𝒂+ 𝒉) − 𝒇/(𝒂) = 
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂−𝒉)𝟐 𝒅𝒛
𝑪

 -  
𝟏

𝟐𝝅𝒊
 ∫

𝒇(𝒛)

(𝒛−𝒂)𝟐 𝒅𝒛
𝑪

 

            =  
𝟏

𝟐𝝅𝒊
 ∫{

𝟏

(𝒛−𝒂−𝒉)𝟐
𝑪

 -  
𝟏

(𝒛−𝒂)𝟐 }f(z)dz 

            =  
𝟏

𝟐𝝅𝒊
 ∫{

(𝒛−𝒂)𝟐− (𝒛−𝒂−𝒉)𝟐

(𝒛−𝒂−𝒉)𝟐(𝒛−𝒂)𝟐
𝑪

}f(z)dz 

    = 
𝟏

𝟐𝝅𝒊
 ∫{

𝟐𝒉(𝒛−𝒂−
𝒉

𝟐
 )

(𝒛−𝒂−𝒉)𝟐(𝒛−𝒂)𝟐

𝑪

}f(z)dz    

 
𝒇/(𝒂+𝒉)− 𝒇/(𝒂)

𝒉
  = 

𝟐!

𝟐𝝅𝒊
  ∫{

(𝒛−𝒂−
𝒉

𝟐
 )

(𝒛−𝒂−𝒉)𝟐(𝒛−𝒂)𝟐

𝑪

}f(z)dz 

 lim
ℎ→0

𝒇/(𝒂+𝒉)− 𝒇/(𝒂)

𝒉
 =  

𝟐!

𝟐𝝅𝒊
  ∫{

(𝒛−𝒂 )

(𝒛−𝒂)𝟐(𝒛−𝒂)𝟐
𝑪

}f(z)dz 

 𝒇//(𝒂) = 
𝟐!

𝟐𝝅𝒊
  ∫

f(z)dz

(𝒛−𝒂)𝟑
𝑪

 

 𝒇/(𝒛) is differentiable at any point z=a in the domain D 

 𝑯𝒆𝒏𝒄𝒆 𝒇/(𝒛) is analytic. 

Q. If f(z) = 
𝒛𝟐+𝟓𝒛+𝟔

𝒛−𝟐
 . Does Cauchy theorem apply? 

(i) When the path of integration C is a circle of radius 3 with origin as 

centre. 

(ii) When C is a circle of radius 1 with origin as centre. 

Solution: Given f(z) = 
𝑧2+5𝑧+6

𝑧−2
 

 Clearly f(z) is not analytic at z=2 

(i) When C is a circle with radius 3 then |z|=3 , the point |z|=2 lies inside it . 

Therefore , f(z) is not analytic within the circle, so in this case Cauchy’s 

theorem does not apply i.e. ∫
𝑧2+5𝑧+6

𝑧−2
𝑑𝑧

𝑪

 ≠ 𝟎 

(ii) When C is the circle with radius 1 then |z|=1, the point |z|=2 lies outside it 

, so that f(z) is analytic within and on the circle. Hence in this case Cauchy’s 

theorem can be apply apply i.e. ∫
𝑧2+5𝑧+6

𝑧−2
𝑑𝑧

𝑪

 = 𝟎 



Q. State and Proof Liouville’s Theorem 

Solution : Statement: If for all z in the  entire complex plane, (i) f(z) is analytic  

and (ii) f(z) is bounded i.e if there is a constant M such that |f(z)| < 𝑀, then f(z) 

must be a constant.  

Proof: Let a and b be any two points in the z 

plane . Suppose that C is a circle of radius r 

having centre at a and enclosing point b. 

From Cauchy’s integral formula , we have  

   f(b) – f(a) =  
1

2πi
  ∮  (

f(z)

(z−b)
dz

C

 dz - 
1

2πi
  ∮  (

f(z)

(z−b)
dz

C

  

  = 
𝒃−𝒂

𝟐𝝅𝒊
  ∮  (

𝒇(𝒛)

(𝒛−𝒃)(𝒛−𝒂)
𝒅𝒛

𝑪

 Type equation here. 

Now we have  

 |z-a| = r , |z-b|= |(z-a) + (a-b)| ≥|z-a| - |a-b| = r- |a-b| ≥ 
𝒓

𝟐
  

If we Choose r so large that |a-b| < 
𝑟

2
 . Then since |f(z)| < 𝑀 and length of C is 

2𝜋𝑟, then we have  

|f(b)- f(a)| = 
|𝒃−𝒂|

𝟐𝝅𝒊
  |  ∮  (

𝒇(𝒛)

(𝒛−𝒃)(𝒛−𝒂)
𝒅𝒛

𝑪

| ≤ 
|𝑏−𝑎|𝑀(2𝜋𝑟)

2𝜋(
𝑟

2
)𝑟

 = 
2|𝑏−𝑎|𝑀

𝑟
 

Let r→ ∞ we see that |f(b)- f(a)| =0 , which shows that f(z) must be a constant. 

Q. Prove that every polynomial equation  

P(z)= 𝒂𝟎 + 𝒂𝟏  𝒛 + 𝒂𝟐𝒛𝟐 + 𝒂𝟑𝒛𝟑 +…………………….+𝒂𝒏𝒛𝒏 = 0. 

where the degree 𝒏 ≥ 𝟏 and 𝒂𝒏 ≠ 𝟎 has at least one root. 

 


