Complex Integration
Complex line integrals:

Let f(z) be continuous at all points of a curve C has a finite length. Let us
subdivide C into n parts by means of points z; , z,,Z5...........2Z,,_;.Leta=z,,
b=z,,. Let us Choose a point &, on each arc |
joining z,_;to z;, (k=1,2,....n).

FormthesumS, =f(&,) (z; —a)+ (&) (z, —

7))+ (&) (23— 2)Feunee (&) (b —
Zn—l)

= 2k=11(&k) (Zx — Zk-1)
= Z;clzlf( fk) AZk Whel’e AZk: Zkx — Zg-1
When n become large Az, becomesmalli.easn - o ,Az; — 0

Then the sum S,, approachesa fixed limit which does not depend on the mode
of subdivision and we denote this limit by f:f(z)dz or [.f(2)dz

Is called complex lineintegral along the curve C. Here f(z) is said to be
integrable along C.

[, f@)dz = lim TRy £ 6) (21 = 2e)
Connection between real and complex line integral:
If f(Z) = u(x,y) +iv(X,y) = u+ivthen
Icf(2)dz= [ (u+iv) (dx + idy)
= Joudx—vdy + [ vdx + udy
Properties of Integral:

If f(z) and g(z) are integrable along C

1.J{f@ + g(@)}dz= | f(2)dz+ [, g(z)dz
2. [k f(2)dz =k [, f(z)dz wherek is a constant

3. [, f()dz =- [ f(2)dz
4. [ f(2)dz = [ f(z)dz + [, f(z)dz wherea,b, careon C



5. |fff(z)dz| <ML where [f(z)| < Misan upperbound of |f(z)| on Cand
L isthelengthof C

6. fc1+c2 f(2)dz = fclf(z)dz + fcz g(2dz whereC=c;+c,

Q. State and Prove Cauchy Integral theorem

Ans: Statement: Let f(z) = u(x,y) +iv(x,y) be analytic on andinside asimple
closed contour and let £/(z) be also continuous on and inside C, then

¢ f(2)dz=0

Proof: The proof of the Cauchy Integral theorem requiresthe Green Theorem
for a positively oriented closed contour C; If the two real functions P(x,y) and
Q(x,y) have continuous first order partial derivatives on andinside C, then

$. Pdx + Qdy= [[,(Qx — P)dxdy
Where D is the simply connected domain bounded by C.

Suppose we write f(z) = u(x,y) +iv(X,y) ; we have

¢ f(2)dz= $udx —vdy + i vdx + udy

One can infer from the continuity of £/(z) that u(x,y) and v(x,y) have
continuous derivatives on andinside C. Usingthe Greens theorem the two real
line integrals can be transformedinto double integrals.

§.f(@)dz = [[,(—vy — w)dxdy+i [[,(w, — v,)dxdy
By CauchyRieman Equation

U, = vyand v, = —u

y
So [f,(—vy — uy)dxdy=0and [f (u, — v,)dxdy=0
Thus
$.f(2)dz =0
Hence thetheorem

Q.Prove Cauchy-Goursat theorem for any simple closed curve



Proof: Statement: Ifa functionisanalyticand one valued inside and ona
simple closed curve Cthen

$.f(2)dz =0

Proof: Let usassumethat C iscontained
in aregion R in which f(z) is analytic.

Letzy,25,Z3,0cvvennnn.. z, ben
subdivisions on curve where z,=z,,. Let
us constructa polygon by joining these
points.

Let us define the sum
Sn = Z;cl=1 f(Zk) AZk

WherEAZk = Zr— Zk-1 Slnce
lim S, = 6, ()dz

It follows thatgivenany e > 0 we can choose N sothatforn > N

Now considering the integral along the polygon p. But by Cauchy -GGoursat
theorem for any Closed polygon we have,

$, f(z)dz = 0 Where pis the polygon

> [, f(@dz+ [}? f(2)dz+ [° f(2)dz

o +[," f(2)dz=0

= fzzol{f(z) — )+ F@)IdZ +ooiiie - fZZ:_l{f(z) -
f(zy) + f (z,)}dz=0

= fzzol{f(z)— FZ)Ydz +o - fZZ:_l{f(z) —
f(z)}¥dz+ S,=0

= S, = fzzol{f(zl) —FDYAZ +ooei + fj:_l{ f(z,)—

f(DMz......... (ii)

Let usnow choose N so large that on theline joining z, and z,,z, and
Zogyeriannannn Z,_q1and z,,



f(2) = f@I < +If(2) = fF@I < 7+ oo, f () = f @)

Where L is the length of C. Then from (ii) and (iii) we have
Sa< 1 [, (f ()~ f(@)}dz | +| [, {f(2,) ~
f@Rdzl...o... 4 [ {f () = f(2)}d)

éc f(Z)dZ = gscf(z)dz - Sn +Sn
Now using (i) and (iv) , we have
. (dz =] §.f(2)dz- Sy |+[Sal <5+5=€
Since e isarbitrary, it follows that gﬁcf(z)dz =0

Q. If f(z) is analytic in a simply- connected region R, Prove that

f:f(z)dz is independent of the pathin R
joining any two pointsaand b in R

Solution: By Cauchy’stheorem, We
have

fADBEAf (2)dz=0
Juppf(@dz + [, f(2)dz =0

= fADBf(Z)dZ =- BEAf(Z)dZ
= fADBf(Z)dZ = fAEBf(Z)dZ

Thus f, f(2)dz = [, f(2)dz = [, f(2)dz

Q. If Cisthe curvey=x3 — 3x? +4x -1 Joining Points (1,1) and (2,3),
find the value of

Jo (122% — 4iz)dz

Solution: Here [. (12z*— 4iz)dz Here (1,1)=1+i and (2,3)=2+3i

2430
o J14i

(12z% — 4iz)dz



= [42° - 2i2? 113}
=4[ (2+3D)3- (1 +D3]-2i[(2+30)* (1 +0)?]
= 4[ (8+36i- 54 —27i) — ( 1+3i-3 -i)] - 2i [ (4 +12i-9) — ( 1+2i-1)]
= 4[(-44+ Ti) — 2i( -5 +10i)]
=-176 + 28i +10i +20
= - 156+38i

Q. Evaluate f :Tza where C is any simple closed curve C and z=a is (a)

C
outside C, (b) inside C

c "

(@) If z=a outside the curve Cthenf(z) = 1

zZ—a
is analyticeverywhereinside and on C.
Hence by Cauchy’s theorem

dz
C;l B
(b) Suppose ais inside C. If z=a is inside C, then function is not analytic at
z=a. Letusdrawa circle c; surrounding the point z=a with radius e with
centerat z=asothat c, isinside C.

f dz _ dz
zZ—a - zZ—a
c C1

On c,, |z-a|=¢€
0

= Z-a=¢€ ei
= dz =€i e?do



dz 271 €iel?do .
el @ =2m
€1
dz ... ;
Q. Evaluatejg —— n= 2,3,4,......... where z=a is inside the simple

C

closed curve C

Solution: Suppose ais inside C. If z=a is
inside C, then function is not analytic at z=a.
Let usdraw a circle ¢, surroundingthe point
z=a with radius e with center at z=asothatc, is
inside C.

f dz _f dz
 @ar ] G-a

On cq, |z-a| =€

z-a=€ e
= dz=ei e'%dd
dz _ (2meiefde _ i 2T (1-n)i
f (x—a)" - f() en eind - en—1 fo e de
c
i e(1-n)i0

en-1 L (1-n)i 10

(1—ni)en-1 [e2tmom 1]

=0,wheren#1
[ since e2(=D7T = ¢cos2(n — 1)m +isin2nm] =1 forall n

and m is not defined whenn=1]

Q. Evaluate ( i)f % where C is a simple closed curve enclosing the origin.
c

. d ; .
(i) f# 72 where C is a simple closed curve does not enclose
C

the origin.



Q. If f(2) is analytic inside and on boundary C of a simply-connected region
R, prove that cauchy’s integral formula

f()_—jg@dz

2mi C zZ—a

Solution : The function @ is analytic

inside and on C except at the point z=a . Let
usdraw a circle c; surrounding the pointz=a

with radius e with center at z=aso that c, is
inside C.

f(2) f(2)
$. S dz= Cz_ad ........... (i)
1
On ¢4, |z-8]
z-a=¢€ e'?

= Z=a+e e’
= dz=e€i e%do

i6 i0
% f(z) dz = f2nf(a+ee )ei € do
.. 2 a

€ elG
1

f(2) _ . rom "
i: dz =i [, f(a+ €e™)do

z

Thus we have from (i)

f@ dz =i [["f(a + ee'®) df
C

zZ—a
Taking the limitas e — 0on bothsides we have

jﬂ 9 4z =timi [7"f(a + ee’®) do

e—0

75 1@ gz = i foznlei_)n(}f(a + ee®) do



77 f(a) do
ff I 4z = 2ni f(a)
C Z—Qa
Thusf(@)= - 39 /)

Q. If a function f(z) is analytic in a region D, then the derivative at any
point z=a of D is also analyticin D, and given by

S 1 [ f@
f(a) Zm_fc(x >dz ,where Cis any closed
contour in D surrounding a point x=a

Solution: Let a+h be a point in the neighourhood of the point a, then by
Cauchy’s integral formula, we have

f(a) =5 fﬁ @) g4y,
C

zZ—a

So f(a+h) = Zim jg fetra) o
c

z—a—h

fla+h)-f(a) =5— 35 f(@) 7§f(z) dz

z—a—h
nz%
(z—a)—(z—a—h)
Tl'lf ((z —a—-h)(z- a))f( )dZ

( hf(2)
(z—a—h)(z—- a)

. fla+th)-fl@) _ .. 1 hf(z)
}11—1}(1)[ h B }ll_r>r(l) 2mi i ((z—a—h)(z—a) dz

o f/(a):zin_fmdz

iJc (z—a)?

T2
T2




Q. If a function f(z) is analytic indomain D, f(z) has, at any point z=a of D,
derivatives of all orders, all of which are again analytic functionin D, their
values are given by

nig)=" | @
f (a) - 21Ti L(z_a)n+1 dZ
Solution: Try yourself

Q. State and Prove Morera’s theorem ( Converse of Cauchy’s theorem)

Solution: Statement: If f(z) is continuous in asimply connected region R and if

§. f(2)dz =0
around every simple closed curve Cin R, then f(z) isanalyticin R

Proof: Let z, bea fixed point andz any variable point in the Region R, then the
value of the integral fjof(z)dz is independent of the curve joining z, and z

and is a function of z, hence we may write

F2)= [, f(2)dz

Z+h

So F(Z+h)—f f(2)dz
Fath)-F@2) = [ f(2)dz- [ f(2)dz
:f f(z)dz+ f?hf(z)dz-fjof(z)dz

Z+h

F(z+th)-F(2) = [, f(2)dz
= }Li_r)r(l)[F(z +h) —F(2)] = ;li_r)ré fZ f(z)dz
=§ f(z)dz =0
where C is the Closed Curve, (when h — 0 then
77" f(2ydz= [, f(2)dz=0)
So, lim[F(z+ h) —F(2)] =

F(Z+h) F(2) Z+h

lim[

h—0

- @] =lim {1 |,
=lim {"ﬁ f(2) J.f(2)dz }

Since Joining Curve C becomes closedwhen h — 0



lim(“E — f(2)] = 0

h—-0
=~ lim F(z+h)-F(z)

lIm——"—==f(2)
=> F/(2) =1(2)

Thus, derivative of F(z) exists for all z, therefore F(z) isanalyticin R,
consequently F/(z) is analytic i.e f(z) is analytic.

Q. If f(2) is analytic withina circle C, given by |z-a| = R and if [f(z)|<Mon
C,then|f"(a)| < % (It is the Cauchy’s Inequality.)

Solution: We know that if f(z) is analytic in a certain domain then derivative of
all ordersat any point z=a isalso analytic and the nthderivative of f(z) at z=ais
given by

e [ @
f (a) T 2mi L (z—a)ntt dz

nt f(2) n If (2)|dz| .
py L(z—a)"“ dz‘ < 2] LI(Z—a)I”“ .......... (1)

Given |z-a| = Re®?

(@)=

Or, z-a= Re'?

Or,dz = iRe'?d6

Or, | dz|= | iR*d6|= Rd0 (Ji|=1,| Re®| = R
From (i) we have,

@< 2 [ 222 (sincef(z)i<M, given)
Cc

Rn+1

n M

(@l = o

27TRn+1
n' M

2T Rn+1
Mn!

< -

< o
Q.Prove that derivative of an analytic function is analytic
Solution: Let f(z) be an analytic function in the domain D.
If C is any closed curve in D and z=a point within C.

Then

" Rd6
21R

2mi

(@)=~ f L G)
C

If f(a+ h)be a point in the neighourhood of the point a within C, then



Then f/(a+h)——f(sz)h)2dz

1
So, f/(a+h) — f/(a)——f(sz)h)zdz z—f(z’(ff)zd

= 2nlf{(z a- h)2 —a)2 }(z)az
_ (z-a)= (z—a—h)?
- j ( o)z

(z—a—h)?(z—a)?

_ 1 2h(z—a—-
" 2mi {(z —a—h)%(z— a)z}f(z)dz
c
h
f/(a+h)- f/ (a) 1 (z—a-
i h J {(z - h)Z(z—a)Z}f(z)dZ
. f/(a+h) f/a) _ (z-a)
> lim o | e

2! f(z)dz
= f// (a) = j p—_—
= f/(z)is differentiable at any point z=a in the domain D
= Hence f/(z) is analytic.
Q.Iff(2) =

(i) When the path of integration C is a circle of radius 3 with origin as
centre.

7245746

. Does Cauchy theorem apply?

(if) When C is a circle of radius 1 with origin as centre.

z°452+6
zZ—2

Clearly f(z) is not analytic at z=2

Solution: Given f(z) =

(i) When Cisa circle with radius 3then|z|=3, the point |z|=2 lies inside it .
Therefore, f(z) is not analytic within the circle, so in this case Cauchy’s

z°452+6 dZi 0

theorem does not apply i.e. j
c

(i) When C is the circle with radius 1 then |z|=1, the point|z|=2lies outside it
, so that f(z) is analytic within and on the circle. Hencein this case Cauchy’s

theorem can be apply apply i.e. J ZA5246 1, = 0
c




Q. State and Proof Liouville’s Theorem

Solution : Statement: If forall z in the entire complexplane, (i) f(z) is analytic
and (ii) f(z) is boundedi.e if there isa constant M such that [f(z)| < M, then f(z)

must be a constant. a

Proof: Let aand b be any two pointsin thez 7
plane. Suppose that C isa circle of radiusr
having centre at aand enclosing point b.

From Cauchy’sintegral formula, we have [ :

0 -10= % § (Ddrdz-t § (2

_b-a f(2) ,
= omi i‘ ((Z—b)(z—a) dz Type equation here.

Now we have
|z-a| =1, |z-b|=]|(z-a) + (a-b)| =|z-a| - |a-b| =T- |a-b| = g

If we Chooser so large that|a-b| < g . Thensince |f(z)] < M and length of C is
2mr, then we have

HORCIEE=

f(2) |[b—a|M(2mr) _ 2|b—a|M
< =
% ((Z —=b)(z—a) Z‘ Zn(g)r r

Let r— oo we see that [f(b)- f(a)| =0, which shows that f(z) must be a constant.
Q. Prove that every polynomial equation

P2)=ag+ a1 z+ 2%+ a323 +.eueeeeenevnnennnnnn +a,,z" =0.
where the degreen > 1 and a,, # 0has at least one root.



