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_EJ Complex Variables

Derivatives

If f (z) is a single-valued in some region C of the 7 plane, the deriv,
defined as: g FE g
Fikal = Hi flz+Az|=f(2]

Azl j. -

provided that the limit exists independent of the manner in which

In such case we say that f(z) is dif ferentiable at z.

Analytic Functions

If the derivative of f () exists at all points of a region C of the 7 |
said to be analytic in C.

analytic = regular = holomorphic

A function f (7) is said to be analytic at a point 7, if the 5 d
-z, | <& in which [’ (7) exists. 4
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) Complex Variables

Singular Points

A point at which f(z) is not analytic is called a singular point. There
of singular points:

1. Isolated Singularity

The point 7, at which [ (7) is not analytic is called an isolated singula

a neighborhood of z, in which there are not singular points.
If no such a neighborhood of 7, can be found then we

call z, a non-isolated singular point.

2. Poles
If we can find a positive integer n such that 1i{;1{:— z,)" flz)=4A
and @|z)=\z~z,)" f|z) is analytic at 7=z,

then 7 =z, is called a pole of order n. If n = 1, 7 is called a siple po

EIEHI‘FIE _f'l: Jes I4 z +_3:_|klli% x +_I.I. I
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e P Complex Variables

Cauchy-h ;g nn Egu tions

A necessary (but not sufficient) condition that f(7) = u (x,y) +iv
analytic in a region C, is that u and v satisfy the Canchy-Riemann

du dv d v du
il Pl SO TRV S SON. s
dx dy dx dy
Prﬂ. : lr"-l'_l__ llm ||r|::+j|:|_|r.|::|
3 B A=l j. ¥
Provided that the limit exists independent of the manner in which
A 7—0.
: laa i 2
+ e Il =—"415 —
Choose Az=Ax — Jlzl=g-+—
. Bl d u : d v
5 p— | Zl==T —+——
Choose Az=iAy — . ay 2y

Egualizing those two expressions we obtain:
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Complex Variables

Cauchy’s Theorem
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If f (z) is analytic with derivative [* (7) which is continuous at a
and on a simple closed curve C, then:

X

Proo

LR

Since flzl=ulx.yl+ivix vl is analytic and has continuous
first order derivative N df=du _dv=rd v EI i
'f“_d:_ﬂr d x Eily Eily

du dv d v du

ax 2 y & dx dy Cauchy - Riemann

‘f'f\l £ 1=\ - J‘ﬁ lar +7 vl ldv 7 Al :ﬁu rf'r—_
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Cauchy’s Integral Formulas and Related Theorems

Cauchy’s Integral Formulas

If f (z) is analytic inside and on a simple closed curve C
and a is any point inside C then

: | fz) ;
— ' 1=
J {“:I E?Ia'?z—:: ; I

Proof:

Let chose a circle I’ with center at a ty
I'={z:z=a+ce'?, 8|02 7}

Since f(z)/ (z-a) is analytic in the region defined
between C and the circle I’ we n use:

?{_{E] o zq ¥
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Cauchy’s Integral Formulas for the n Derivative of a Functio

If f (z) is analytic inside and on a simple closed curve C
and a is any point inside C, where the n derivative exists, then

Proof:

Let prove this by induction.
Forn=0we found ;.= , J' /12) o=

2t

Assume that this is frue for n-I:
_.l""""'{u:l={”_1]]¢ /() dz

2mi e {:-: —u]ﬂ B

Then we can differentiate under the sign of integration:
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