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Maxwell Velocity Distribution (Momentum and Energy 
Distribution) :

If 𝑓 𝑢𝑥 , 𝑓 𝑢𝑦 & 𝑓(𝑢𝑧) are distribution function of molecules 
in three mutually perpendicular direction , then the 
probability that molecules have velocity component between 
𝑢𝑥 & 𝑢𝑥 + 𝑑𝑢𝑥, 𝑢𝑦 & 𝑢𝑦 + 𝑑𝑢𝑦, 𝑢𝑧 & 𝑢𝑧 + 𝑑𝑢𝑧 are 
𝑓 𝑢𝑥 𝑑𝑢𝑥, 𝑓 𝑢𝑦 𝑑𝑢𝑦 & 𝑓 𝑢𝑧 𝑑𝑢𝑧 respectivly.

Maxwell derivation is based on two assumptions –

(a) The distribution of molecules moving from a point in any 
direction is isotropic otherwise molecules would drift in 
preferred direction. All direction in space are equivalent and 
hence any direction of velocity of molecules is equally 
probable i.e. 𝑓 𝑢𝑥 𝑑𝑢𝑥 = 𝑓 𝑢𝑦 𝑑𝑢𝑦 = 𝑓 𝑢𝑧 𝑑𝑢𝑧 .



(b) The movement of molecules along three mutually 
perpendicular directions are independent i.e. 𝑢𝑥 , 𝑢𝑦 & 𝑢𝑧 are 
independent of each other.

The second assumption is true for velocity less than 𝑐 . If the 
molecules move with velocity 𝑐 , the component of velocity 
are no longer independent then theory is related by the 
equation 

𝑢𝑥
2+ 𝑢𝑦

2+ 𝑢𝑧
2 = 𝑐2 → (𝑖)

From Maxwell second assumption the number of molecules 
with velocities in the range of 𝑢𝑥 & 𝑢𝑥 + 𝑑𝑢𝑥 , 𝑢𝑦 & 𝑢𝑦 +
𝑑𝑢𝑦 , 𝑢𝑧 & 𝑢𝑧 + 𝑑𝑢𝑧 are 



𝑁 = 𝑁0𝑓 𝑢𝑥 𝑓 𝑢𝑦 𝑓 𝑢𝑧 𝑑𝑢𝑥𝑑𝑢𝑦𝑑𝑢𝑧 → (𝑖𝑖)

Where 𝑁0 is the total number of molecules of gas. Here 
𝑑𝑢𝑥𝑑𝑢𝑦𝑑𝑢𝑧 can be considered as volume element in velocity 
space and 𝑓 𝑢𝑥 𝑓 𝑢𝑦 𝑓 𝑢𝑧 as probability density of velocity. 
Because of property of isotropy the probability for component 
of 𝑢𝑥 & −𝑢𝑥 should be same. Hence probability density 
function 𝑓(𝑢𝑥) must be even number of 𝑢𝑥 .Therefore

𝑓 𝑢𝑥 = 𝜙 𝑢𝑥
2 , 𝑓 𝑢𝑦 = 𝜙 𝑢𝑦

2 & 𝑓 𝑢𝑧 = 𝜙(𝑢𝑧
2)

If 𝑢 is the resultant velocity the probability density of velocity 
is 

𝜑 𝑢2 = 𝑓 𝑢𝑥 𝑓 𝑢𝑦 𝑓(𝑢𝑧) → (𝑖𝑖𝑖)



𝜑 𝑢2 = 𝜙 𝑢𝑥
2 𝜙 𝑢𝑦

2 𝜙 𝑢𝑧
2 → (𝑖𝑣)

Taking log of both sides 

𝑙𝑛𝜑 𝑢𝑥
2 = 𝑙𝑛𝜙 𝑢𝑥

2 + 𝑙𝑛𝜙 𝑢𝑦
2 + 𝑙𝑛𝜙 𝑢𝑧

2 → (𝑣)

By differentiating 

1

𝜑(𝑢2)

𝜕𝜑(𝑢2)

𝜕(𝑢2)
2𝑢 =

1

𝜙(𝑢
𝑥
2)

𝜕𝜙(𝑢
𝑥
2)

𝜕(𝑢
𝑥
2)
2𝑢𝑥

1

𝜙(𝑢
𝑥
2)

𝜕𝜙(𝑢
𝑥
2)

𝜕(𝑢
𝑥
2)
2𝑢𝑥 =

1

𝜑(𝑢2)

𝜕𝜑(𝑢2)

𝜕(𝑢2)
2𝑢 → (𝑣𝑖)



1

𝜙(𝑢𝑦
2)

𝜕𝜙(𝑢𝑦
2)

𝜕(𝑢𝑦
2)

2𝑢𝑦 =
1

𝜑(𝑢2)

𝜕𝜑(𝑢2)

𝜕(𝑢2)
2𝑢 → (𝑣𝑖𝑖)

1

𝜙(𝑢𝑧
2)

𝜕𝜙(𝑢𝑧
2)

𝜕(𝑢𝑧
2)

2𝑢𝑧 =
1

𝜑(𝑢2)

𝜕𝜑(𝑢2)

𝜕(𝑢2)
2𝑢 → (𝑣𝑖𝑖𝑖)

Hence we can write

1

𝜙(𝑢𝑥
2)

𝜕𝜙(𝑢𝑥
2)

𝜕(𝑢𝑥
2)

=
1

𝜙(𝑢𝑦
2)

𝜕𝜙(𝑢𝑦
2)

𝜕(𝑢𝑦
2)

=
1

𝜙(𝑢𝑧
2)

𝜕𝜙(𝑢𝑧
2)

𝜕(𝑢𝑧
2)

= −𝛼 → (𝑖𝑥)

Where 𝛼 is constant and negative sign introduced for 
convenience.



Integrating this equation we get 

1

𝜙(𝑢𝑥
2)

𝜕𝜑(𝑢𝑥
2)

𝜕(𝑢𝑥
2)

= −𝛼 → 𝑥

Where
𝜙 𝑢𝑥

2 = 𝐶. 𝑒−𝛼𝑢𝑥
2

Where 𝐶 is another constant. The probability that molecules 
has between 𝑢𝑥 & 𝑢𝑥 + 𝑑𝑢𝑥 is 

𝑓 𝑢𝑥 𝑑𝑢𝑥 = 𝐶. 𝑒−𝛼𝑢𝑥
2

. 𝑑𝑢𝑥 → (𝑥𝑖)



The constant 𝐶 can be found from normalization is as 

න

−𝛼

+𝛼

𝑓 𝑢𝑥 𝑑𝑢𝑥 = න

−𝛼

+𝛼

𝐶𝑒−𝛼𝑢𝑥
2

𝑑𝑢𝑥 = 1 → (𝑥𝑖)

Since the integrand must convergence 𝛼 must be necessarily 
positive. Now

න

−𝛼

+𝛼

𝐶𝑒−𝛼𝑢𝑥𝑑𝑢𝑥 = 𝐶
𝜋

𝛼
= 1 → (𝑥𝑖𝑖)

Therefore



𝐶 =
𝜋

𝛼
and 𝑓 𝑢𝑥 𝑑𝑢𝑥 =

𝛼

𝜋
𝑒−𝛼𝑢𝑥

2
𝑑𝑢𝑥 → (𝑥𝑖𝑖)

Hence number of molecules whose velocities lies between 
𝑢 & 𝑢 + 𝑑𝑢 is 

𝑁 𝑢 𝑑𝑢 = 𝑁0
𝛼

𝜋
Τ3 2
𝑒−𝛼𝑢

2
𝑑𝑢𝑥𝑑𝑢𝑦𝑑𝑢𝑧 → (𝑥𝑖𝑖𝑖)

Or using spherical polar coordinate we get 

𝑁 𝑢 𝑑𝑢 = 4𝜋𝑁0

𝛼

𝜋
Τ3 2
𝑒−𝛼𝑢

2

𝑢2𝑑𝑢 → (𝑥𝑖𝑣)



Now we identify the parameter 𝛼 . First we calculate pressure 
of gas in vessel in volume 𝑉 In equilibrium the molecules will 
be distributed over volume of vessel in such a way that their 

concentration is 𝑛 =
𝑁

𝑉
. The number of molecular density 

with velocity between 𝑢𝑥 & 𝑢𝑥 + 𝑑𝑢𝑥 is 

𝑛 𝑢𝑥 = 𝑛
𝛼

𝜋
Τ1 2
𝑒−𝛼𝑢𝑥

2

𝑑𝑢𝑥 → (𝑥𝑣)

The number of molecules hitting unit area of wall 
perpendicular to 𝑢𝑥 per unit time is equal to the number in 
parallelopiped of volume 𝑢𝑥 is 



𝑛
𝛼

𝜋
Τ1 2
𝑒−𝛼𝑢𝑥

2

𝑢𝑥𝑑𝑢𝑥

Every time molecules hits the walls, their change of 
momentum equal to 2𝑚𝑢𝑥 . Hence momentum transferred 
per unit area of wall per unit time is 

𝑛
𝛼

𝜋
Τ1 2 𝑒−𝛼𝑢𝑥

2

𝑢𝑥2𝑚𝑢𝑥𝑑𝑢𝑥

Total momentum transferred is equal to force which in present 
case is pressure 𝑃



𝑃 = න

0

𝛼

𝑛
𝛼

𝜋
Τ1 2
𝑒−𝛼𝑢𝑥

2

2𝑚𝑢𝑥2𝑑𝑢𝑥 → (𝑥𝑣𝑖)

𝑃 = 𝑛
𝛼

𝜋
Τ1 2
2𝑚න

0

𝛼

𝑢𝑥2𝑒
−𝛼𝑢

𝑥
2

𝑑𝑢𝑥

𝑃 = 𝑛
𝛼

𝜋
Τ1 2
2𝑚

𝜋

4𝛼 Τ3 2



𝑃 =
𝑛𝑚

2𝛼
→ (𝑥𝑣𝑖𝑖)

The equation of state of gas is 

𝑃 = 𝑛𝐾𝑇 → (𝑥𝑣𝑖𝑖𝑖)

Where 𝐾 = 1.38 × 10−23
𝐽

𝐾

Therefore

𝑛𝐾𝑇 =
𝑛𝑚

2𝛼



𝛼 =
𝑚

2𝐾𝑇
→ (𝑥𝑖𝑥)

Therefore

𝑁 𝑢 𝑑𝑢 = 4𝜋𝑁0

𝑚

2𝜋𝐾𝑇
Τ3 2
𝑒− Τ𝑚𝑢2 2𝐾𝑇𝑢2𝑑𝑢 → (𝑥𝑥)

This is known as Maxwell Velocity Distribution

Again we know 𝑃 = 𝑚𝑢 , then

𝑁 𝑃 𝑑𝑃 = 4𝜋𝑁0

1

2𝜋𝑚𝐾𝑇
Τ3 2
𝑒 Τ𝑃2 2𝑚𝐾𝑇𝑃2𝑑𝑃 → (𝑥𝑥𝑖)

Which is known as Maxwell Momentum Distribution.



The energy Distribution is    ϵ =
1

2
𝑚𝑢2 . 

Therefore
𝑑𝜖 = 𝑚𝑢𝑑𝑢 = 2𝜖𝑚 𝑑𝜖

Therefore

𝑁 𝜖 𝑑𝜖 = 4𝜋𝑁
𝑚

2𝜋𝐾𝑇
Τ3 2
𝑒− Τ∈ 𝐾𝑇

2𝜖

𝑚

𝑑𝜖

2𝜖𝑚
→ (𝑥𝑥𝑖)

𝑁 𝜖 𝑑𝜖 =
2𝑁

𝜋

1

𝐾𝑇
Τ3 2
𝑒− Τ𝜖 𝐾𝑇𝜖 Τ1 2

𝑑𝜖 → (𝑥𝑥𝑖𝑖)

This is known as Maxwell Energy Distribution


