Theorem 2.8.1. ( De Moivre’s theorem )

When n is an integer, positive or negative, and 0 is a rea.l number
(cos 8 + i sin 0)" =cos nf + i sin nb; ;
when n is a fraction, posmve or.negative, and @ is a rea] number
cos nf + i sin nd is one of the values of (cos 8 + i sin 6)".

Proof. Case I. Let n be a positive integer.
The theorem holds for n =1, since (cos +i sin 6)! = cos @ +
i sin § = cos 160 41 sin 16. .
Let us assume that the theorem holds for n = m, where m is'a
‘positive integer. '
Then(cosﬂ+zsm0)”‘-cosm9+zsmm0 x
Therefore (cos 8+i sin )™+ = (cos m#+i sin m8)(cos f+1 sin 0)
= (cos mfcos 8—sin mOsin 6) + i(cos mbsin 6+sin mﬂcos 0)
=cos (m 4 1)0 + i sin (m + 1)6.
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This shows that the theorem holds for n = m + 1 if we assume it
to hold for n =m. And the theorem holds for n = 1.

Therefore, by the principle of mductlon, the theorem 'holds for all ,

p ,-posltve integers n.

Case 2. Let n be a negative integer.

Let-n = —~m, where m is positive mtoger |
" Now (cos 0 +isin 6)" = (cos 6 + i sin §)™™
= 1
~ (cos 8+i sin )™

1
cos mO+1 sin mé’ by case 1

B (cos m@—i sin mé) -
= Tcos mB+i sin mB)(cos mé—1i sin mb)
= cos mf — i sin mé

= cos (—n)@ — i sin (—n)0

= cos nf + 1 sin néb.

\

- Case 3. Let n be a fraction, positive or negative.

' Let n = p/q where p, q are integers and ¢ > 1,p may be positive
or negative.

Since (cos"l;f- + 1 sin ?)" =cos pf + i sin p0 by case 1 °

= (cos 0 + i sin 8)?, by case ] or case 2

St follows that cos ﬁ-}-z sin ? is one of the values of (cos 6+ sin 0)”"
e, cos nf +1 sin n0 is one of the values of (cos @ + 1 sin 0)"

Corollary. . When n is a posntwe or a negative mteger and 0 is a
real number ~
(cos 6 — i sin 0)" =cos nf — i sin n6
when n is a fraction and 6 is a real number |
(cos n@ — i sin nd) is one of the values of (cos 0 —isin 0)’” .
Tlus follows from the relation
(cos @ + i sin 8)~! =cos (—0) + i sin (—6) —0080—1.81110

The generalised form of De Moivre’s theorem states that if

" be a real number and 6 is real (cos nd + ¢ sin nf) is-a value of
(°°39+tsm0)" :
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Worked Examples. 2 ' - il R
b b ¢ - an an
"~ “1; Use De Moivre’s theorem to prove tan 50 ———1———"1—;—1“‘10 6451t B

We have cos 56 +i sin 50 (cos 6+ sin 0)5 L
= 00350+5c1 oS 402 sm 0+50;cos 6i? sm’ﬂ y
- 4. 5egcos?0i3sin® 94 ... 4145 sin®@
= (cosSO— 10 cos’ 6 sm20+5cos 9 sin9)
i (5cos* 8 sin 6 — 10 cos? 6 sin 0 -}--sm5 8).

Therefore cos 50 = cos50-10c0530 sin 0+5cos @sin* 0), ‘
. sin 50 = - 5cos® 0 sin 6 — 10cos? 6 sm30+sm50 :

Hence tan 50 5cost @ sing— 10coszo sin3 @+gin50 ¢
. cos50—10 cos3 @ sin 0+5cos 0 sin 0

5 ta.n 9-10 tan? 0+tans 0
1 -10 tan? 0+5 tan‘ 0 .

- 2. Prove that cos 50 = 16 00850 2000830+5 cos 6.

- From Exa.mple 1, cos 50= ‘cos® @ — 10cos? sin? 0+5cos 0 sin? 0.

| t5,— 10t3(1 = £2) 4 5¢(1 — t2)2, ‘where ¢t = cos 9

8 —1063(1 — £2) + 5t(1 — 2t + t4) :
16t° — 2083 +5¢

.16 cos5 6 — 20 cosaj'9+5 COS 0

3. Expand cos” 0 in a series of cosines. of multlples of 9

Leta:-cosa+zsm0 | “ -

Then z" + %= 2cosn9 m+-—2c030
Now(20080)7 (z+ 1y faty
'-z7+7z5+21z3+35m+351+21;+7;,+-7 l
=@+ H) + 7"+ &) + 21(z +29)+3(z+ 1)
=2 co8: 70+ 7.2 cos 50 + 21.2 cos 30 +35.9 cos 6. ,
Therefore cos7 0- 64(cos 70+7cos 50 + 21 cos 30+35 cos 0)>

 Expand sin” 0 in a series of siries of multlples of 0
- Let:r:-cos 0+z sin 0. R ' i
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¢ HIGHER ALGEBRA
Thenz"—-L Ztsmne z—-—-2tsm0 PR
Now(2tsm0)7 (z-3)7 '
= 27 — 725 + 212" — 36z + 35.1 -21-,+7; Lo
=(==--%) 7(3-3,)4-21(:: -¥) - 35(::--1-)‘- |
=2 8in 70— 72131n50+212tsm39 352zsxn0
Thereforehm" 0= —&(sm 7 0-—7sm 560+21 sin 3 0-—35 coa 0)

Expand sin® 6 cos? @ in a senes of cosines of multiples of 0.
Let £ =cos 0 +1 sin 6. '

Then z+ 1 =2 cos 6, a:--_-2asm9
'+ E=2cobnb, z"—L=2isinng
Now (2i sin 6)%(2 cos 9)’- (:n—l)“(a:+ 1)2

=@ ALy

= (2* -2+ L)(2? - 2+-,l,)

= +4)-20a'+ L) - (z’+-,3;)+4
=2 cos 60 — 4cos 46 — —2 cos 20+ 4,
Therefore sin* ¢ coo20== 315(003 60— 2cos 40 ~ cos 20+2)
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