Inverse Trigonometric Formulas (k=< facsicaimem )

PART I
Functions®=i) Domain (stifncsa)
Sintx [-1,1]
Cos*x [-1, 1]
Tantx R
Cosec* x R-(-1,1)
Sectx R-(-1,1)
Cotx R

Range (=)
[-7/2, n/2]

[0, 7]

(-n/2, 1/2)
[-n/2, n/2]
[0,7]-{ m/2}

[-7/2, m/2]-{0}

Inverse Trigonometric Formulas List (@91 ata iAo sjaq sifeia)

Inverse Trigonometric Formulas (=13 arzicifsisre o)

S.No

1 sin"t(-x) =-sin!(x),x € [-1, 1]

2 cost(-x)=mn -cost(x), x € [-1, 1]
3 tant(-x) =-tan}(x),x € R

4 cosect(-x) =-cosect(x), [x|>1
5 secl(-x)=m -seci(x), |x|>1

6 cot(-x)=mn—cot!(x),xER

7 sin'x+cos'x=mn/2,x €[-1,1]
8 tan*x+cotlx=n/2,x €R

9 secix +cosectx=m/2 ,[x|>1
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sint(1/x) =cosec(x),ifx>1orx <-1
cost(1/x) =sec(x),ifx>1 orx <-1

tan-(1/x) =cot*(x),x>0

tanx +tanty=tan((x+y)/(1-xy)),ifthe valuexy < 1
tant x—tanty=tan((x-y)/(1+xy)), ifthe valuexy > -1
2 tant x = sin"}(2x/(1+x?)), [x| <1

2tan ! x =cos((1-x?)/(1+x?)),x>0

2tan-t x =tan1(2x/(1-x?)), -1<x<1

3sin-tx =sin"1(3x-4x3)

3costx = cost(4x3-3x)
3tan-ix=tan*((3x-x®)/(1-3x?))

sin(sin(x)) =x, -1<x <1

cos(cos?(x)) =x,-1<x <l

tan(tan?(x)) =X, — oo < x < oo,
cosec(cosect(X)=x,—o<x<lor-1<x<ow
sec(sect(X))=X,-oo<x<lorl<x<ow
cot(cot® (X)) =X, — oo < x <oo.

sin"i(sin0) =0, -n/2 <0 <n/2
cos(cos0)=0,0<0<m

tan(tan0)=0, -n/2 <0 <7/2
cosec(cosec0)=0,-m/2<0<0o0r0<0<n/2

secl(sec0)=0,0<0<m2orn/2<0<m
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cot(cot0)=6,0<0<m
sin"lx +sin"ly = sin"1{x\/1 — y2 + y,/1 — x2}if X,y=0and x*++y? <1

sin'x +sin"ly=m— sin"{x/1—y2 +y,/1—x2}if x,y=0and x>+
2
ye>1

sin"lx+sin"ly = —m — sin"{x/1—y2 + y/1 — x2}if xy>

0 and x*++y? <1

cos~tx + cos Ty = cos T Haxy — VI — xZ,/T— y2}if x,y>0and x*++y? <1

cos 'x +cosTly =m — cosT{xy —V1—x2/1—y2}if x,y>0 and x* +
2
y->1

tan 1x + tan"ly= tan_lgl ifx>0,y>0andxy< 1.
1 x+y

tan"lx+ tan"ly=m +tan” P, ifx >0,y >0and xy> 1.

1 x+y

tan x+tan"ly=—m +tan” if x <0,y >0and xy > 1.

1 X+y+z—xyz )

tan lx + tan "ty +tan 'z = tan"1(

1-xy—-yz—zx
2sin 1x=sin"1(2xV1 — x2)
2cos 1x=cos1(2x3-1)

1—x?
1+x2

_ 1.2
2tan”lx = tan 1(1_x

)

. 2x _
)= sin" (=) = cos™(
x 1+x

3sin"lx=sin"1(Bx — 4x3)

3cos 1x=cos™1(4x3 — 3x)

3x—x3
1—3x2)

3tan~1x = tan"I(



We Know thatif f:X - Y isonetoandonto, then the inverse function
f 1 Y- Xexistsand is defined by
fO) = xif f(X) = y-mmmmmmmmmee (1)

As trigonometric functions are periodic, there are infinitely many values, whose
Image is same.

in(My=L in(3h=1
For example,sm(z)—ﬁandsm(4)-ﬁ
Thus sine function y=f(x)=sinx is many one.
For each ye [—1,1]

There exist auniquenumber x in in each of the following intervals:

R I B Y T

Such that y=sinx

If we restrict the domain of sine function to [- % %] i.eif
Sin:[- 2,21 =L )

Then y=sinx, x€ [- % g] is one-oneand onto.
Thusitsinverse is given by

sin~t: [-1,1] - [- g g] ............................... (3)
Hence sin™! isa function and is defined by

Y=sin"1x «=> siny=x

The function defined by (3) is called inverse sine function.

The elements in [-~, ~] are called principal values of sin™".

From the definition of inverse functions, it follows that sin(sin™1x)=x if -1<
x <1

And sin™*(sinx)=x, if - > <x <~

- . — . - 7 - 1
Note : (i) sin"1x # (sinx)™, because (sinx) 1:E

(i) sin~!x stands for an angle, butsinx is anumber



1.Prove that (g Ft )

(i) sin (sin~2x)=x, X€ [-1,1] (ii) sin"'(sin6)=0,6 €[-2,7]
(iiii) cos(cos~1x)= x, x€ [-1,1] (iv) cos~1(cos8)=8,8 €[0,n]
(v) tan (tan 1x)=x, X€ER (vi) tan"(tan8)=0,6 € [-5 ;]
(vii) cot(cot™1x) =x,x€ R (viii) cot~(cot8)=6, 6 € [0, 7]

(iX) cosec(cosec 1x)=x, X€R- (-1,1) (X) cosec(cosecd) = 6,0 E[-— —] {0}
(xi) sec(sec™1x)=x, x€ R-(-1,1) (xii) sec™*(sec8)=6,6 €[0, 7] { %}
Proof (zr1): (i) Letsin™*x=6,x€[-1,1] (ii) Letsind =x,0 € [-— —]
=>sin 6 =X => sin"'x=0
=> sin (sin"'X)=x => sin~!(sin0)=0
2.Prove that ( &= 91 @)

. g1 _
(i) sin 1;:cosec Ix, x>1orx<

-1

. 1 _
-1 (id)cos™ ~ =sec X, x>1orx< -1

(i) tan™! i = cot"x, x>0
Proof (erte): (i) As (Frezg) x| > 1, x # 0, [} <1,
sin™t ~ is defined (sin ™! - k)
Let cosec™'x =6 => cosec 6=x

. 1 1
Sosing = ==
cosec x

41
=>f@=sin"1 =

11

=> sin™' - = cosec™1x



3.Prove that (&= st ()

T T
27

(iii) tan 1(-x)=- tan"x,x€R (iv) cot™}(-xX)=m— cot™x ER

(i) sin"1(-x)=- sin~Ix,xe€[-1,1] (i) cos 1(—x) =r — cos x €[

1

(v) cosec™1(—x) = cosec™1x, |x| = 1(vi) sec™!(—x) =m — seclx, |x|=>1

Proof (z=): (i) Let sin1(-x)=6 (ii) Let cos~i(-x)=6
=>sin 6 = -X =>C0s 6 = -X
=>-sin 6 =x =>-C0S 6 =X
=>sin (- 0) =X => cos(m-6) =X
=>-0= sin"x =>m-0= cos !x
=>0=- sin"x =>f0=m— cos x
=> sin !(-x)=- sin"x => cos }(-X)=m— cos Ix

4. Provethat (e @arc@) (i) sin~1(X)= cos 1W/1— x2

(i) sin"'(x)= tan™ (==

(ii}) sin™' (0= sec™ (=)
Proof (er): (i) Let  sin™'(x)= 6
=>sin g =X
So cos 6 =v/1 — sin20
=>c0s 6 =v/1— x2
=> 6= cos '(V1—x2)
=> sin"}(X)= cos 1 (V1—x2)
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